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We consider 16 different 2 points boundary value problems for a bending of a beam.
BVP (a, §)
u® — pu” 4+ qu = f(x) (-l<z<1)
Uo (D) = up (1) = 0 (i=0,1)
u(z) : bending of a beam, f(z) : density of a load, p > 0 : tension, ¢ > 0 : spring constant. We
assume that (p/2)? > ¢ > 0, p > 0. This assumption is equivalent to p = a? + b?, ¢ = a?b?, a >
b>0. up=u, up =, ug =u", uz =u", uz = uz —pus. @ = (,a1) and g = (B, B1) takes
values (0,1) (clamped), (0,2) (Dirichlet), (1,3) (Neumann) and (2,3) (free).
For any bounded continuous function f(z), BVP(«, 3) has a unique classical solution

u(z) = / Gl fa)dy  (-1<a<)

where G(z,y) = G(a, 8;z,y) is Green function.

Theorem 1 All Green functions are positive valued and have the suitable hierarchical structure
of 16 Green functions.

We introduce Sobolev space H = { u(x) ‘ u(x), u'(x), u'(z) € L?(-1,1), A(a,f) }

A(0,1,0,1) = u(-1)=4d'(-1)=u(l)=d'(1)=0
A(0,2,0,2) : wu(-1)=wu(l)=0

A(1,3,1,3) :  W/(-1)=u/(1)=0

A(2,§,2,§) : none
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and Sobolev enery [[uly = [ [ 10"() [+ plu(@) + aluta) [ ] do.
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Theorem 2 For any function uw(x) € H, there exists a positive constant C which is independent
of u(x) such that Sobolev inequality

2
sup [u(y)| | < C|ul}
lyl<1
holds. Among such C' the best constant C(a, 3) is given by
C(avﬂ) = maXG(yvy) = G(yanO)'
ly[<1

If we replace C by C(«, B) in the above inequality, then the equality holds for u(z) = ¢ G(x,yp) (—1 <
x < 1) where ¢ is any complex number.



