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Abstract

The article describes a new model of water–ice phase transition in pores of a saturated porous medium. The model takes
nto account the difference in specific volume between ice and water which causes structural changes in the porous medium.
escribing details of heat, phase, and structure dynamics, the model contributes to a deeper understanding of phenomena

n upper soil layers subjected to either seasonal conditions or climate changes. Governing multi-physics system of equations
ncludes the conservation of mass, momentum and energy at the pore level and includes the anisotropic Allen–Cahn equation
or tracking the position of ice during nucleation and growth inside the pores. The model provides space–time behavior of key
uantities and describes the interaction of growing ice with pore geometry and surrounding grains. The governing system of
quations is solved by the finite-element method to provide several qualitative computational studies of the ice growth inside
porous structure.
2023 Elsevier B.V. All rights reserved.

SC: 74N20; 74F10; 76S05; 80A22
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1. Introduction

The behavior of soil surface subjected to freezing and thawing due to seasonal dynamics or climate changes
epresents an interesting multi-physical topic of research coupling thermodynamics and structural changes of porous
edium with applications in design and maintenance of structures (see [1,2]) in regions suffering from larger

emperature variations, exploitation of oil and gas resources in cold regions (see [3]) or in leakage of methane or
arbon dioxide from melting permafrost into the atmosphere (see [4,5]). Modeling such phenomena can contribute
o a better understanding of climate evolution, the release of greenhouse gases, and also to progress in high-tech

aterials design.
Freezing and thawing in a porous medium as a heterogeneous structure involves thermal as well as structural

ynamics. It is controlled by heat transfer, mostly between the soil surface and the atmosphere. The difference
etween the specific volume of water and ice causes expansion or shrinkage of pores, leading to displacement of
rains and flow of water between them. Thin-film transport effects between ice and grains contribute to additional
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water transport. As a consequence, the porous medium expands wherever it can, mostly upwards, and creates a
variety of surface patterns observable by the naked eye.

The problem of soil freezing has been studied over the last century (e.g. in [6–8]). In past decades, some
more comprehensive and general approaches appeared in [5,9–11]. They use the thermodynamical principles of
macroscopic poroelasticity involving constitutive relations (see [12]), or use phenomenological analogies with
isothermal unsaturated porous mechanics (see [11,13,14]). The theory based on macroscopic thermodynamics
incorporating a nonlinear variational approach has been established as well in [15]. Interfacial premelting and
liquid films are analyzed, e.g. in [16,17]. Macroscopic thermo-hydro-mechanical modeling of frost action and
frost directional penetration is contained in [18,19], ice lenses formation is simulated in [20]. Applications in real
situations require careful treatment of phase transition dynamics and sometimes simplifications (as in [9,21]). As
some field and experimental observations suggest (e.g. in [14,22,23]), there is a need for comprehensive theory
describing the complexity of solidification processes in a porous medium.

To enhance such knowledge within the context of particular experimental evidence, a multi-physics macroscopic
model of porous medium solidification with structural changes has been described in [24]. A pore-scale model
considering geometrically symmetric pores in 2D has been developed in [25] whereas a general pore-scale model
of freezing has been announced in [26].

In this article, we use our experience in modeling micro-scale solidification processes in material science (see,
e.g. [27–31]), incorporate anisotropy and solid-phase expansion into the elementary phase transition, consequent
structural dynamics, and consider the onset of the water–ice phase transition in a two-dimensional porous medium
structure at the smallest pore scale. The Stefan problem with surface tension describing the phase transition is
transformed into the phase-field model including the difference in phase-specific volumes where the position of
the phases is tracked by the diffuse-interface Allen–Cahn equation. Suitable boundary conditions for the phase
function correspond to the existence of a thin liquid film along grain boundaries. The mechanical behavior of the
heterogeneous structure is described by the momentum conservation laws for each phase and grains. In Section 2,
we summarize corresponding conservation laws for mass, momentum, and energy and provide constitutive laws for
fluxes. In Section 3, we formulate the pore-scale multi-physics model weakly for treatment by the finite-element
method and provide several computational studies that use the model to study the freezing dynamics within the
pore-scale geometry.

2. Phase transition with structural effects

The micro-scale model of porous medium freezing and thawing with structural changes treats a saturated porous
medium at the scale of several pores. The model is presented in the two-dimensional case. Without any restriction,
it can be set in three-dimensional domains. The representative volume consisting of grains and pores filled by a
water–ice system has sizes ranging between 1 µm and 1 mm. As the changes in the specific volume of phases
produce forces leading to displacements in solid parts and flow in liquid parts, the Lagrangian coordinates are used.

A schematic cross-section of the pore structure is depicted in Fig. 1. Due to the size and shape of particular
grains, the curvature of the growing solid phase is comparable to the curvature of grains. Their interaction due to
surface tension causes an effective change of the temperature at which the porous medium freezes or melts (see [24]
and references therein).

The position of particular phases dynamically changes due to the phase transition process and, unlike in [25] for
symmetric pore geometry, it cannot be guessed from other governing quantities. Therefore, a method commonly
used in material science (see [27,32,33]) known as the phase-field method is used to track the position of both
phases. In subsequent sections, particular parts of the model are described in detail and coupled together.

2.1. Volume, coordinates and forces

The domain occupied by the heterogeneous structure of the porous medium under phase transition with volumic
variation requires a coordinate system respecting the displacement of particular parts by forces produced by the
volume changes. If X denotes the position of a material point in the reference frame, then its position change
due to displacement at a given time t is X + u(X, t). Below, the conservation laws are formulated in a geometry

corresponding to the initial Lagrangian configuration.
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Fig. 1. Illustration of the domain with the representative volume with the grains m, water w and ice i .

Under the assumption of small deformations (compare to [25,34]), the momentum conservation law for the phase
j ∈ {i, w, m} is expressed as

ϱ j
∂2u j

∂t2 = ∇ · σ j , in Ω j , j ∈ {i, w, m}, (1)

here ϱ j is the phase volumetric mass density, σ j is the stress tensor and ∇ is the gradient vector with respect to
the components of X. We assume that the solid phases m, i comply with linear elasticity. Thus their stress tensors
can be related to the small deformation tensor ê

ê(u j ) =
1
2

(∇u j + (∇u j )T ), j ∈ {i, m} (2)

nd reads as

σ j =
E j

1 + ν j
ê(u j ) +

ν j E j∇ · u j

(1 + ν j )(1 − 2ν j )
Î , j ∈ {i, m}, (3)

here E j is the Young modulus, ν j is the Poisson ratio, and Î is the unit tensor. We assume that the water phase
is a viscous Newtonian fluid characterized by the stress tensor

σw = −p Î + µ(∇vw + (∇vw)T ), (4)

here p is the pressure, µ is the dynamic viscosity, and vw is the Lagrangian water velocity.
As in [34], the equation of continuity for water as a slightly compressible fluid that reads

p
ϱw Ew

+ ∇ · uw = 0, in Ωw. (5)

n the interfaces between ice, water and grains Γwi , Γim , Γwm , the coupling conditions of displacement and forces
re described, in general, by nonlinear equations coupling the states of neighboring domains (compare with [35]).
ssuming small deformations and using linearization as in [34], the mechanical coupling is through the continuity
f displacement and normal forces (see also [36]).

For the intersection of three interfaces, an additional condition should be considered. At equilibrium, the Young
aw is commonly used to determine the contact angle of the interfaces with respect to their surface energies.
n dynamical situation, the no-slip condition may lead to nonintegrable flow singularities at the contact of lines
see [37,38]). The phase-field treatment of the phase transition allows for the regularization of such singularity as
ndicated in [39] and therefore handles this particular issue.

.2. Energy balance

The energy conservation in the entire system is described by the enthalpy transport equation involving the heat
ransfer and the latent heat release and is expressed in terms of the temperature T = T (X, t) which naturally is
ontinuous across all subdomains Ωm , Ωi , Ωw. Since the geometry is subject to small deformations, the enthalpy
balance is linearized and formulated within the Lagrangian framework.

3
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The conservation of energy within the subdomains Ωm , Ωi , Ωw is expressed as

ϱ j c j∂t T + ∇ · q j = 0, j ∈ {w, i, m}, (6)

where c j is the specific heat capacity and q j is the heat flux.
Coupling conditions on the interfaces between ice and grain as well as between water and grain are given by

continuity of temperature and normal heat flux

T |m = T |w, n∂Ωm · qm |m = n∂Ωm · qw|w on Γwm,

T |m = T |i , n∂Ωm · qm |m = n∂Ωm · qi |i on Γim .
(7)

On the ice–water interface Γwi , the first-order phase transition occurs where the specific latent heat lm is being
absorbed or released. This is described by the conditions on this interface

T |i = T |w,

nΓwi · qi |i − nΓwi · qw|w = ϱi lmvΓwi on Γwi .
(8)

The second condition in (8) is known as the Stefan condition. It couples the jump in heat flux across Γwi to the
Lagrangian normal velocity vΓwi of the interface through the specific latent heat lm . The role of this condition is
discussed e.g. in [40,41].

The conservation law (6) is accompanied by the constitutive expression for the heat flux in the form of the linear
Fourier law

q j = −k j∇T, j ∈ {w, i, m} (9)

where k j is the thermal conductivity of the phase j .
The Stefan condition (8) requires the assessment of the normal Lagrangian velocity vΓwi . Its determination is

clarified below.

2.3. Motion of phase boundary

The phase interface Γwi is driven by the temperature difference between the equilibrium ice melting point TM

and the current temperature of a given point on Γwi known as the undercooling (see [40,42,43] for details). The
corresponding motion law for Γwi has the dissipative form relating the normal velocity of an interface point to the
mean curvature κ of Γwi and the undercooling

αγ vΓwi = −γ κ +
ϱi lm

TM
(TM − T ), on Γwi (10)

and is known as the Gibbs–Thomson equation. Its derivation assuming the effects of the pressure and the interfacial
entropy is presented in [40,44]. Here, α = α(nw) is the kinetic coefficient, γ = γ (nw) is the surface tension, both
anisotropic, depending on the crystallographic orientation. Due to comparable curvatures of pores and crystals, the
anisotropy of growing ice (see, e.g. [45]) has limited space to develop. Despite of that, it is included in the model
using the approach of [46].

The motion law (10) itself has been widely treated in literature aiming at its mathematical properties (e.g. in [47])
and algorithms for its numerical solution. These methods rely on direct interface tracking [48,49], or parametric
description [50–52], or the level set evolution [53]. In the context of the complex geometry of a porous structure,
we use the phase-field method to track the nucleation and growth of particular crystals assuming a diffuse character
of Γwi as described below.

The motion of Γwi is augmented by the expansion of the ice phase due to the increase of specific volume. This
ffect is captured by the Lagrangian coordinates and the stress-saturation tensor

αS
Ei

3(1 − 2νi )
Î (11)

added to the elastic stress tensor of the water–ice system in agreement with [12,26]. Here, αS is the coefficient of

volumetric expansion due to the phase transition.
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Fig. 2. Illustration of the typical profile of the function w across the solid (ice) and liquid (water) phases.

2.4. Cahn–Hilliard theory of diffuse interfaces

The geometric complexity of the porous structure through which the solid phase of ice grows or vanishes requires
a reliable and stable method for tracking the position of the ice crystals at each time moment and at any space
position. Such properties are brought by the phase-field method which generates a regularized characteristic function
for the position of the phases also known as the order parameter w = w(X, t) being 0 at one phase (water), 1 at
the other phase (ice) and varying smoothly between them across a narrow band of thickness ξ surrounding Γwi

which is identified by the value w =
1
2 (see Fig. 2). The method is based on the Cahn-Hilliard theory of phase

transitions [54,55]. Such an approach has been widely used in the context of solidification modeling, fluid flow, and
crystal growth [27,31,33,56–58]. The mentioned theory derives a parabolic nonlinear partial differential equation
— the Allen–Cahn equation for the order parameter w

α(∇w)γ ξ 2∂tw = γ (∇w)ξ 2∆w + f0(w) + ξ 2
|∇w|

ϱi lm

TM
(TM − T ), (12)

ith f0(w) = w(1−w)(w−
1
2 ), in the form suggested in [33]. The equation alone or coupled to the heat conduction

equation has been thoroughly studied in the literature (see e.g. [30,33,46,59]). It has been shown employing the
matched asymptotics [33,56] that for ξ → 0, the Stefan condition (8) and the Gibbs–Thomson law (10) are recovered
at Γwi :

αγ ξ∂tw⏐⏐↓ = γ ξ∆w +
1
ξ

f0(w)⏐⏐↓ + ξ |∇w|
ϱi lm
TM

(TM − T )⏐⏐↓
ξ→0

αγ vΓwi = γ κ +
ϱi lm

TM
(TM − T )

.5. Governing equations and boundary conditions

The phase field method allows us to unite the evolving water and ice subdomains and their interface into the
ore domain Ωp. Correspondingly, the equation system is operating the pore domain Ωp and on the grain domain
m as illustrated in Fig. 3.
The governing system of evolution equations is summarized for t ∈ (0, tFin) as

ϱmcm∂t T = ∇ · (km∇T ), in Ωm,

(wϱi ci + (1 − w)ϱwcw)∂t T = ∇ · (wki + (1 − w)kw)∇T + ϱi lm∂tw, in Ωp,

αξ 2∂tw = γ ξ 2∆w + f0(w) + ξ 2
|∇w|

ϱi lm (TM − T ), in Ωp,
TM

5
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Fig. 3. Illustration of a domain with the parts Ωp and Ωm divided by the interface Γm . The unit vector n+ normal to Γm points out of Ωp .

ϱm
∂2um

∂t2 = ∇ · σ m, in Ωm, (13)

(wϱi + (1 − w)ϱw)
∂2up

∂t2 = ∇ · σ p, in Ωp,

(1 − w)
(

p
ϱw Ew

+ ∇ · up

)
= 0, in Ωp.

It is accompanied by the constitutive relations

σ m =
Em

1 + νm
ê(um) +

νm Em∇ · um

(1 + νm)(1 − 2νm)
Î ,

σ i =
Ei

1 + νi
ê(up) +

νi Ei∇ · up

(1 + νp)(1 − 2νi )
Î , (14)

σw = −p Î + µ∂t (∇up + (∇up)T ),

σ p = wσ i + (1 − w)σw + wαS
Ei

3(1 − 2νi )
Î .

he temperature, displacement, and forces are coupled across the boundary Γm as

T |m = T |p, n+ · (km∇T )|m = n+ · (wki + (1 − w)kw)∇T )|p,

um |m = up|p, n+ · σ m |m = n+ · σ p|p.
(15)

he boundary conditions provide the heat-flux qout for the energy equation, water phase at the pore edges, and the
isplacement-free boundary ∂ΩT

n∂ΩJ ∩Ω̄m · (km∇T )|m = qout , n∂ΩJ ∩Ω̄p · (kp∇T )|m = qout ,

for J = B, L , R, T,

σ m · n∂ΩT ∩Ω̄m = σ p · n∂ΩT ∩Ω̄m = 0, (16)

n⊥

∂ΩJ ∩Ω̄m
· (σ m · n∂ΩJ ∩Ω̄m ) = 0, um · n∂ΩJ ∩Ω̄m ) = 0, for J = B, L , R,

n⊥

∂ΩJ ∩Ω̄p
· (σ p · n∂ΩJ ∩Ω̄p ) = 0, up · n∂ΩJ ∩Ω̄p ) = 0, for J = B, L , R,

w|∂Ωp = 0,

here the symbol ⊥ means the tangent to the boundary. The last boundary condition in (16), for w, reflects the fact
hat along grains in a porous medium, a water film always persists (see, e.g. [17]). Due to the nature of Eq. (12),
n case ice approaches grain, the remaining transition layer has a thickness of the order of ξ . The initial conditions
re

T |t=0 = Tini , w|t=0 = wini ,

um |t=0 = um,0,ini , ∂t um |t=0 = um,1,ini , (17)

up|t=0 = up,0,ini , ∂t up|t=0 = up,1,ini .

6
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The above conditions are adjusted in Section 2 for each of the computational examples. From the solution of this
system, the phase interface is identified as w =

1
2 .

3. Computational studies

The model (13)–(17) described above and summarized in Section 2.5 is solved in two-dimensional domains
representing vertical cuts of a porous medium.

3.1. Numerical solution

For the numerical solution, the space discretization is performed by the finite element method on a vertically
oriented domain Ω ⊂ R2 sketched in Fig. 3 divided by the boundary Γm into the pore subdomain Ωp and the grain

atrix subdomain Ωm , and on a time interval (0, tFin).
The system of governing Eqs. (13)–(17) is weakly formulated using the test functions

• vTm ∈ H 1(Ωm), vTp ∈ H 1(Ωp),
• vw ∈ Vw = {v ∈ H 1(Ωp)| v|∂Ωp = 0},
• vum ∈ Vum = {v ∈ H 1(Ωm;R2)| v · n∂ΩJ ∩Ω̄m = 0, J = B, L , R},
• vup ∈ Vup = {v ∈ H 1(Ωp;R2)| v · n∂ΩJ ∩Ω̄p = 0, J = B, L , R},
• vp ∈ Vp = L2(Ωp),

nd is represented by the following set of weak identities:∫
Ωm

ϱscs∂t T vTm + ks∇T · ∇vTm dx +

∫
∂Ω

qoutvTm dS

+

∫
Γ+

(wki + (1 − w)kw)∇T · n+vTm dS = 0,∫
Ωp

(wϱi ci + (1 − w)ϱwcw)∂t T vTp + (wki + (1 − w)kw)∇T · ∇vTp dx (18)

−

∫
Ωp

ϱi lm∂twvTp dx +

∫
∂Ω

qoutvTp dS −

∫
Γ+

kp∇T · n+vTp dS = 0,∫
Ωp

αξ 2∂twvw + γ ξ 2
∇w · ∇vw + f0(w)vw + ξ 2

|∇w|
ϱi lm

TM
(TM − T )vwdx = 0,∫

Ωm

ϱm
∂2um

∂t2 · vm + σ m : ∇vmdx +

∫
Γm

σ pn+ · vmdS = 0,∫
Ωp

(wϱi + (1 − w)ϱw)
∂2up

∂t2 · vp + σ p : ∇vp)dx −

∫
Γm

σ mn+ · vpdS = 0,∫
Ωp

(1 − w)
(

p
ϱw Ew

vp + ∇ · up · vp

)
dx = 0.

The numerical solution is obtained through the Faedo–Galerkin approximation of (18) (see, e.g. [60]) based on the
triangulations Tp of Ωp and Tm of Ωm consisting of the triangular Lagrange elements of the second order. The
emi-discrete scheme consisting of ordinary differential equations is solved by the generalized α-method which is
mplicit and second-order accurate (see [61]). In the pore subdomains, the diameter of elements is limited by the
hase-field small parameter ξ as indicated in the description of each computation. This guarantees proper behavior
f the Allen–Cahn equation in the form (12) as discussed in [33,46,59]. The algorithmic realization of the scheme
as been operated in the software Comsol.

.2. Computational examples

The following computational examples describe the behavior of the model reflecting the ice phase growth inside
pore structure, interaction with the grain structure, universal positioning of the solid phase in pores and expansion

f the medium due to the difference in density of the ice and water phases.

7
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Fig. 4. Computation 1: Temperature and ice phase evolution in a one-dimensional micro-pore (scale in m). The solid phase gradually grows
in the pore filled with the liquid phase. Due to different heat capacities and conductivities in water and grain, the temperature has different
slopes in the pore and the grains.

The setup of key physical quantities is summarized in Table 1. For porous medium mass and heat parameters,
ee [62,63], ice properties are summarized, e.g. in [64], surface tension parameters in [65–67], and kinetics of
rystal growth in [68]. The phase diffuse interface layer is indicated by a couple of isolines w = 0.4, 0.6. The
wo-dimensional ice anisotropy in (12) is, for simplicity, chosen as α0/α = σ0/σ = 1 + 0.7 cos(6θ (∇w)) where
(∇w) is the angle between the crystallographic orientation (e.g. set as π/8 in our computational examples) and

he vector nw. For some details and complexity of ice crystals, see e.g. [49].

omputation 1. This study is computed on the domain shown in Fig. 4 above. It shows a one-dimensional columnar
ymmetric porous structure where solidification occurs in the pore without considering the volumic expansion. The
8
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Table 1
Values of physical parameters.

Symbol Value Symbol Value Symbol Value

cw 4.2 [kJ/(kg K)] ci 2.1 [kJ/(kg K)] cm 1 [kJ/(kg K)]
ξ ∼10−8 [m] Ew 5.33 [GPa] Ei 7.8 [GPa]
Em 75 [GPa] h 0.3 [µm] kw 0.6 [W/(m K)]
ki 0.6 [W/(m K)] km 0.6 [W/(m K)] lm 334 [kJ/kg]
µ 180 [Pa s] νi 0.33 [1] νm 0.33 [1]
q 100 [W/m] r 3 [µm] ϱw 1000 [kg m−3]
ϱi 920 [kg m−3] ϱm 2500 [kg m−3] αs 0.13 [GPa]
α0 1.85 × 10−7 [s m−2] γ0 0.033 [J m−2] ζ 0.5 [1]

Fig. 5. Illustration of the triangular domain representing a vertical cut of a regular porous structure with the particle radius r = 2.8 µm and
article distance m = 0.9 µm.

nitial temperature was Tini = 268.15 K, the boundary temperature at both ends was 263.15 K, the nucleation
iameter was 40 µm, and the phase-field parameter is ξ = 8 × 10−7 m. Ice grows driven by undercooling as shown
n Fig. 4 with the spatial profile of the phase function w = w(t, x) evolving in time, correspondingly.

omputation 2. This study has been computed on the domain described in Fig. 5. It shows the phenomenon
f coalescence (merging two growing phases) well known in material science [69]. The process is driven by heat
xchange. The computation does not consider structural changes. The phase function has the zero Dirichlet boundary
ondition, the Newton heat flux of qout = 30(272.15 − T ) W m−2 is on Γleft and Γright, and isolation is on Γbottom.
he initial temperature is 273.10 K, nucleation radii are 0.3 µm, the phase-field parameter is ξ = 5 × 10−8 m, and

he maximum element diameter in the pore is 0.10 µm. As a result of the time evolution, both ice crystals merge
nd occupy the position centered within the pore as shown in Fig. 6.

omputation 3. This computation has been performed on the domain described in Fig. 7 with zero normal
isplacement at the domain edges, zero Dirichlet boundary condition for the phase function and the Newton heat
ux qout = 30(272.15−T ) W m−2 along the upper edge of the boundary, isolation along other boundary edges. The

nitial temperature is 272.2 K, the nucleation radius is 0.3 µm, and the phase-field parameter is ξ = 8×10−8 m, the
aximum element diameter in the pore is 0.12 µm. This study compares the phase transformation and structural

ynamics for three different positions of the nucleation site (a), (b), and (c). As a result of the time evolution in
he pore geometry, ice always occupies the position centered within the largest part of the pore as shown in the
hird row of Fig. 8.

omputation 4. Using the same domain described in Fig. 7 with zero normal displacement at the domain boundary,
−2
ero Neumann boundary condition for the phase function, and the Newton heat flux qout = 300(270.65−T ) W m

9
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Fig. 6. Computation 2: Temperature distribution and solid phase evolution in a symmetric trifold micro-pore (scale in µm). Two ice crystals
coalesce and create a single pattern centered in the pore. A thin diffuse interface remains between ice and grains.

Fig. 7. The domain represents a vertical cut of a pore structure for Computation 3, 4 and 6. The grains are in red and pore in blue. (For
nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

long the upper edge of the boundary, isolation along other boundary edges, the solidification dynamics is initiated
y a single nucleation site of radius 0.3 µm placed at the boundary. The initial temperature is Tini = 272.15 K. The
hase-field small parameter ξ = 8 × 10−8 m, the maximum element diameter in the pore is 0.12 µm. As a result,
ne can observe that ice grows from the boundary and fills the entire volume in a way similar to Computation 3 -
ee Fig. 9 - but faster due to different thermal circumstances.

omputation 5. In a general porous structure within the domain described in Fig. 10 with zero normal displacement
t the domain right and bottom edges and free displacement at the domain top and left edges, zero Dirichlet
oundary condition for the phase function, and the heat flux 50 W m−2 for t > 0.5 s along the entire boundary, the
olidification dynamics is initiated by two nucleation sites of radius 10 µm. The initial temperature is Tini = 273.15

−6
. The phase-field small parameter ξ = 8 × 10 m, and the maximum element diameter in the pore domain is

10
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n

Fig. 8. Computation 3: Comparison of temperature, solid phase, and displacement evolution in a general pore for different positions of the

ucleus. The temperature is in a color scale, the phase boundary is indicated by a double isoline of w, and the displacement is indicated
by green arrows of proportional length. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

7 µm. As a result, one can observe two ice phase areas coexisting due to a larger initial mutual distance. They
gradually approach and tend to fill the entire volume which expands due to the difference in specific volumes of
phases and free conditions on top and left edges — see Fig. 11.
11
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Fig. 9. Computation 4: Evolution of temperature, solid phase, and displacement in a general pore with nucleation at the pore boundary. The
temperature is in a color scale, the phase boundary is indicated by a double isoline of w, and the displacement is indicated by green arrows
of proportional length. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

Fig. 10. The domain represents a vertical cut of a pore structure for Computation 5. The grains are in red and pore in blue. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
12
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a
i
u
i

Fig. 11. Computation 5: Showing temperature, ice phase, and displacement dynamics in a small pore of general shape given in Fig. 10. In
(a), ice is in yellow, water in light blue, the phase boundary is indicated by a double isoline of w and the displacement is indicated by green
rrows of proportional length. The shape deformation is indicated by a violet contour with a scale factor 2. In (b), the temperature field is
n a color scale, the phase boundary is indicated by a double isoline of w. The displacement of both matrix and liquid phases through the
nconstrained domain boundaries is induced by the change in volume of forming solid phase. (For interpretation of the references to color
n this figure legend, the reader is referred to the web version of this article.)
13
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K
p
ξ

c

4

l
w

Fig. 12. Computation 6: Evolution of temperature, solid phase, and displacement in a general pore with homogeneous nucleation in the pore
volume. The temperature is in a color scale, the phase boundary is indicated by a double isoline of w, and the displacement is indicated
by green arrows of proportional length. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Computation 6. Using the domain described in Fig. 7 with zero normal displacement at the domain edges, zero
Neumann boundary condition for the phase function and the Newton heat flux qout = 300(270.65 − T ) W m−2

along the upper edge of the boundary, isolation along other boundary edges, the initial temperature is Tini = 272.15
. The initial condition for the phase function wini = 0.5 + 0.1 cos(8πx/6 × 10−6) cos(8πx/6 × 10−6) is set as a
erturbation of the metastable state w = 0.5 to induce a homogeneous nucleation. The phase-field small parameter
= 8 × 10−8 m, and the maximum element diameter in the pore is 0.12 µm. As a consequence of the initial

ondition, ice nucleates spontaneously at various positions in the pore, grows, and fills the pore — see Fig. 12.

. Conclusion

The model of solidification in a porous medium at the pore scale has been formulated by using the conservation
aws of mass, momentum, and energy. The phase dynamics is tracked through the anisotropic Allen–Cahn equation

hich is coupled to the momentum evolution law. The model is able to describe the ice-phase expansion which

14
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induces the structural dynamics in the entire volume of the porous structure. It can serve for describing the onset
of the water–ice phase transition with mechanical effects in the pore structure.

The presented computational studies are two-dimensional. However, the model can be used in three-dimensional
pore geometry without any restriction, just with higher CPU costs. Further development of the model should be
directed to the interfacial phenomena between ice and grain matrix where specific transport phenomena have been
noticed in literature.
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A. Žák, M. Beneš and T.H. Illangasekare Computer Methods in Applied Mechanics and Engineering 414 (2023) 116166
[24] A. Žák, M. Beneš, T.H. Illangasekare, Analysis of model of soil freezing and thawing, IAENG Int. J. Appl. Math. 43 (3) (2013)
127–134.

[25] A. Žák, M. Beneš, T.H. Illangasekare, A.C. Trautz, Mathematical model of freezing in a porous medium at micro-scale, Commun.
Comput. Phys. 24 (2) (2018) 557–575.

[26] A. Žák, M. Beneš, Micro-scale model of thermomechanics in solidifying saturated porous media, Acta Phys. Pol. A 134 (3) (2018)
678–682.

[27] P. Strachota, A. Wodecki, M. Beneš, Focusing the latent heat release in 3D phase field simulations of dendritic crystal growth, Model.
Simul. Mater. Sci. Eng. 29 (6) (2021) 065009.

[28] P.-A. Geslin, C.-H. Chen, A.M. Tabrizi, A. Karma, Dendritic needle network modeling of the columnar-to-equiaxed transition Part I:
Two dimensional formulation and comparison with theory, Acta Mater. 202 (2021) 42–54.

[29] Z. Jia, W. Qi, Y. Xiaofeng, Numerical approximations for a phase field dendritic crystal growth model based on the invariant energy
quadratization approach, Internat. J. Numer. Methods Engrg. 110 (2017) 279–300.

[30] M. Beneš, Mathematical and computational aspects of solidification of pure substances, Acta Math. Univ. Comenianae 70 (1) (2001)
123–152.

[31] W.J. Boettinger, A.A. Wheeler, B.T. Murray, G.B. McFadden, Prediction of solute trapping at high solidification rates using a diffuse
interface phase-field theory of alloy solidification, Technical report, NIST, 1993, NATO Advanced Research Workshop: Undercooled
Metallic Melts: Properties, Solidification and Metastable Phases, Il Ciocco.

[32] A.A. Wheeler, W.J. Boettinger, G.B. McFadden, Phase-field model of solute trapping during solidification, Phys. Rev. E 47 (1993)
1893–1909.

[33] M. Beneš, Mathematical analysis of phase-field equations with numerically efficient coupling terms, Interfaces Free Boundaries 3 (2001)
201–221.
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