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NUMERICAL SOLUTION FOR THE WILLMORE FLOW OF
GRAPHS

TOMAS OBERHUBER!

Abstract. In this article we present a numerical scheme for the Willmore flow of graphs.
It is based on the method of lines. Resulting ordinary differential equations are solved using the
4th order Runge-Kutte-Merson solver. We show basic properties of the semi-discrete scheme and
present several computational studies of evolving graphs.
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1. Introduction. For the purpose of this article we consider evolution of two
dimensional surface I'(f) embedded in R? such that it can be described as a graph
of some function u : (0,7) x Q — R,  C R?. We investigate the following law

V =2ArH + H® —4HK on T (t), (1.1)

where V' is the normal velocity, Ar is the Laplace-Beltrami operator, H = k1 + kq
is the mean curvature, K = ki - ko is the Gauss curvature and k1 and ko denote
the principal curvatures of the surface.

As follows from [5, 6, 7] the law (1.1) represents the Lo-gradient flow for the
functional W defined as:

W(f):/FHQdS, = {(x,u(2)) | x € Q}. (1.2)

The gradient flow approach is described e.g. in [12]. Existence of the solution
under certain initial conditions was proved in [11, 8]. In [5] implicit numerical
scheme for the Willmore flow of graphs based on the finite element method together
with the numerical analysis is presented. A level set formulation for the Willmore
flow can be found in [6]. For the physical meaning of the minimization of (1.2)
we refer to [4]. In [7] the authors describe an algorithm for evolution of elastic
curves in R™. Interesting algorithm for parametrised curves driven by intrinsic
Laplacian of curvature can be found in [9] where the authors use tangential vector
for redistribution of the control points on the curve. Application for the surface
reconstruction of scratched objects is discused in [13].

We present a numerical scheme for the Willmore flow of graphs based on the
method of lines. For discretization in time we use 4th order Runge-Kutta type solver
which is explicite scheme. This method was succesfuly used for solving several
problems in interface motion [2]. Our work is related to [3] where the surface
diffusion for graphs is treated by a similar approach.

2. Problem formulation. We assume that I' (¢) is a graph of a function u of
two variables:

L (t) = {[x u(t,x)] | x € Q2 CR?},
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where Q = (0, L) x (0, L2) is on open rectangle, 99 its boundary and v its outer
normal.
We express the quantities of (1.1) in terms of the graph description of I" (¢):

Q=1\/1+|Vul*; n:%, (2.1)

H=V n, (2.3)
K= detQ]fQU, (2.4)
ArH = év- KQI - W) VH} . (2.5)

LEMMA 2.1. For the graph formulation of the Willmore flow (1.1) takes the
following form

ou 2 w?
5 = Qv b (I-P)Vw - @vu} , (2.6)
where
:[P == % ® @)
and

(u®v);; =u; - vj.

Proof. The proof follows [5]. It is given here because of better understanding
of consequent results. We start with the expression (2.5) which can be written as

ArH =V - <i <1V“®V“>V(QH)> — HV - <i (1V“®V“> VQ>.

Q Q? Q Q?
(2.8)
Using (2.3) we have
1 Vu® Vu _ 1 A Vu
6(1_7622 )VQ—Q(VQ QVU)JrHQ, (2.9)
from (2.4) and by a brief rearangement we obtain
V- (% (vcg - %w)) = —2K. (2.10)
Putting (2.9) and (2.10) into (2.8) we have
ArH=V"- (% (I— W) V(QH)) +2HK — HV - (H%)
_ 1 Vu ® Vu 1 H? 14

Together with (1.1), (2.2) and (2.7) we obtain (2.6). O
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The above lemma allows to introduce the following problem:
DEFINITION 2.2. A graph formulation for the Willmore flow is a system of two
partial diferential equations of the second order for u and w

9 2 2
a—?:—Qv- a(]l—]P)Vw—%Vu in Q x (0,7), (2.11)
Vu
w=QV —, 2.12
0 (2.12)
u(+,0) = Uini,
with the Dirichlet boundary conditions
U lao=0, w |sn=0, (2.13)
or the Neumann boundary conditions
Ju ow
- =0, — =0. 2.14
ey loo= 0, By lo (2.14)

Remark: Multiplying (2.11) by test function ¢ € Hg (Q) in the case of the
Dirichlet boundary conditions, or ¢ € H'(Q) for the Neumann boundary condi-
tions, summing over €2 and applying the Green theorem we have

U NE _w?
0 Q7" /QV [Q(H ) Vw Q3V“]9”
2 w?
:/Q [E(H]P)Vw@Vu}Vga

folGu-mrve) -Gl

The last term vanishes because of the choice of the test function ¢ in the case of
the Dirichlet boundary conditions (2.13). In the case of the Neumann boundary
conditions the sum over 92 vanishes because of (2.14) and the fact that

ow 1 Jw Vu-Vwiou
Similarly we multiply (2.12) by test function & € Hj (Q) for the Dirichlet boundary
conditions resp. £ € H! (Q) for the Neumann boundary conditions and we have

fsee e 5[5 5%

The last term vanishes because of the choice of £ in the case of the Dirichlet bound-
ary conditions or because of (2.14) in the case of the Neumann boundary conditions.
We can define the weak solution for the Willmore flow of graphs as follows:

DEFINITION 2.3. The weak solution of the graph formulation for the Willmore
flow with homogeneous Dirichlet boundary conditions is a couple u,w : (0,T) —
H} () which satisfy a.e in (0,T), for each test functions p,& € H (Q)

Ut o z _ B 'w_2 .
. a(p = /Q 0 (I -P)VwVe /Q o VuVp a.e. in (0,7T) (2.15)

w Vu
e
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with the initial condition
u |t:0: Uing-

Weak solution for the problem with homogeneous Neumann boundary conditions is
a couple u,w : (0,T) —€ H} (Q) which satisfy (2.15) a.e. in (0,T), for each test
functions @, & € H' ().

Remark: There are at least two different steady solutions for the Willmore flow
of graphs. The trivial solution is represented by a constant function u(specified by
the boundary conditions) and zero mean curvature (w = 0) The second solution
is induced by a sphere with given radius r since the principal curvatures are x; =
Ko = % and so H = k1 + ko = % and K = K1k = T% From this fact it follows that
the right hand side of (1.1) is equal to zero. In this case, the boundary conditions
are different from (2.13) and (2.14).

Mathematical properties of (1.1) have been partially studied in [11] for the case
when the initial condition is close to a sphere and in [8] existence of the solution
was proved under assumption that [ |A"|2 is sufficiently small, for A° denoting
trace-free part of the second fundamental form.

3. Numerical scheme. For the numerical solution of (1.1), we will use method
of lines with finite difference discretization in space.
We use the following notation. Let hq, ho be space steps such that hy = ]%[—11 and

ha = sz—i for some Ny, Ny € Nt. We define a uniform grid as
u}h:{(ihl,jhz)|Z‘:1...N1—1,j:1...N271}’
wn = {(ih1,jh2) |i=0---N1,7=0--- Na}.

For u : R* — R we define a projection on Wy, as u;; = u(ihi,jhs). We introduce
the differences

Ui —Uiey o Wit1j — Wij
uIl,Z] - hl k) uIl,’L] - hl k)
_ Ui — Uiy _ W41 — Ui

Ugayij T T Uiy T

Vitij = (Uz, ij» Uz ij) » Vitliy = (Uay ijs Uay,ij) -

For f,g: wn — R we define

N1717N271
2
(f7 g)h = Z hthfz]gz] ) Hf”h = (fa f)h7
i,j=1
Ni,Ny—1 N1—1,N3
(fha'l = >0 mhatlel; . (9% = D mhafigl,
i,j=1 ,5=1

(f.9) = (fLa' + (f5 %] . 7 =(F ]

For the discretization of the Neumann boundary conditions we define the grid
boundary normal difference uz:

Uﬁyoj :uil,lj fOI‘j :07...7N2,
Uﬁ7N1jZUE17N1j fOI"j:O,...,NQ,
Un,i0 = Uzy,il fori:O7...,N1,
Up iN, = Uz, ,iN, fori=0,...,Ny.

For the purpose of analysis, we recall the grid version of the Green formula proved
in [1]:
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LeEmMMA 3.1. Let p,u,v : wp, — R. Then the Green formula is valid:

(Vi - (0Vhu), 0)n = =(pVihu, Vil (3.1)
No—1
+ Z ha(puz, [N, jUNyj — Puz, |15v05)
=1
Ni—1
+ Z hi1(puz, |in, Vin, — DUz, |i1vio).-

=1

If we denote

Qij = \/1 + % (u%m—j +ul, i ud, +uiw.j),
i=1, ,Ni—1,j=1-- ,Ny—1,

Qij = \/1 + U‘%l,ij + u?m,ij’
Z:1, 7]\]1,]':17... ’N2,

E;; = 2 ( vz, _uﬁ’ijg@’ij’),
Qij \ Uz ijUay,ij 1 — Uz, 5
l:l’ 7]\/'1,.7':17... ’NQ_

then the scheme has the following form (the index ¢ means the derivative with
respect to t)

h 2
ddi: = —@V}L <%Eﬁhw‘ (w 3) th"> , (3.2)
0. [(“Zg) . cz)) 1 53
(3.4)

and the initial condition is
ul (0) = wini |z, -
We consider either the Dirichlet boundary conditions
u" |ow,=0, w" |gw,=0, (3.5)
or the Neumann boundary conditions
up o, =0, wh |gu=0. (3.6)

The following theorem shows the energy equality of the scheme.
THEOREM 3.2. For u" |, = 0 and wh = 0 |a,, we have

1 m2 1 1d m2 1 _
3 (00°.3), w3 (00" 5), =0

Proof. We start with the equation for w;; (3.3), divide by Q,;, multiply by &;;
vanishing on dwj, and sum over w.

wh Uhfl uhiz
(6’5),5 <( Q )*( Q )Iz’€>h'
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The Green theorem (3.1) gives
Uhf J
— | & 3.7
T -

(59, (o) (0%

Z ( = N *5% |0j) ha, (3.8)
-

h_
Z ( W |in, *5% |i0> hi, (3.9)

and the terms (3.8) and (3.9) are equal to zero because of the choice of §;;. Rewriting
the equation (3.2) in the following form

h
Uy 2 T, wh (w T, 0l
_Vh<QE rW  — 3 hu),

multiplying by test function ¢ vanishing at dwy, and applying the Green theorem
(3.1) we obtain

h h\2
Uy (2= & (w ) < kT
<:, gﬁ)h = <§EV}L’LU — Q3 th ,Vhsﬁ

N2—1 (’u}h)2
+ > |¢ (B ws + B w's, - v ) v (311)
j=1
h 2
w
—p- (Eu cwhs + Epp - w'sg, — %u’%l) |0]-] (3.12)
N1—1 (’u}h)2
+ Z o+ | Eor - whil + Eas - wh@ - Q3 Uh@ |iNz (3-13)
=1
h 2
w
—p- <E21 : whil +E22 . whj2 — %’uh:w) |u;| . (314)

The terms (3.11), (3.12), (3.13) and (3.14) are zero because of ¢;; vanishing on dwy,.
Differentiating (3.7) with respect to ¢ we obtain

d d uml d u$2
dt(Q,g) +E(Q36Z1J E(Q,€I2-‘_ 3

and using the following statements

1=1,2
Q2 ) <y

(uhfl)t uhfl + (uh@)t uh@

Q

d [ulz _ (uhm)tQ*Qtuhm
E( Q )‘

Qi =
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(), (hn)) 1 Ul e ((uhfl)t):
Q Q ul'z uls, (u"z,) (uh@)t

1 (uh
-2a P)((uh

which together with

gives

After substituting £ = w we obtain
h 1 o o
(w—t,wh) - <% (wh)2> + = (EVpul, Vyw'] =0, (3.15)
Q o \@ ho 2

and a substitution ¢ = u; in (3.10) gives

h 2
((U?)Qa%) - (Evhwh - (gg) Vipu", Viuy' | = 0. (3.16)
h

Now we sum (3.15) with one half times (3.16) and we have

h 0 1 1 1 (w)? = , =
(%7Wh)h<Q_;7(U}h)2>h+§<(ug)275>h+§ <(Q3) ,thh~th? =0.
We remind that V,u” -thf = @ - Q¢ which gives

wf h Q¢ hy 2 1 m2 1 1 (wh)2 _
(To), - (@), +3 (6 ’5%*5( @ o=t
It is equivalent
1 1 h 1/Q

for

Nt wh, 2 R why 2
— 1J N2
Sh = 9 Z Qn) (@t),j hnhz + 2 Z Qiny | (Qt)in, hiho.

j=1 i=1
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Finaly from (3.17) we have

1 1 1d 1
(00" 5), 3 ()5), v 5o

To complete the proof of we need to eliminate the term Sj,. This can be done by
applying the Dirichlet boundary conditions (2.13). O

Remark: The above given procedure can be used even for nonhomogenous
time independent Dirichlet boundary conditions for w. Similar statetment as (3.2)
for the Neumann boundary conditions remains an open problem.

4. Computational results. Here, we present several numerical experiments
qualitative character. Quantitative results are summarized in [10]. First three
examples show a decay towards planar surface. For all of them we considered
homogeneous Dirichlet boundary conditions for v and w. Fig.6.1 shows evolution
of the initial condition win; (,y) = sin (27z) - sin (27y) on domain Q = (0,1)* with
50 x 50 meshes and the space steps hy = hy = 0.02. The computation has been
performed until 7' = 0.01.

In the Fig.6.2 we show again a decay towards planar surface. The initial condi-
tion is discontinuous: wn; (z,y) = sign (z2 + y* — 0.22). The domain Q is (~1,1)”
and there are again 50 x 50 meshes and hy = hy = 0.04. We stopped the computa-
tion at time 7" = 1.

The Fig.6.3 shows a decay towards the planar surface with highly oscilating

intial condition wu;pn; (x,y) = sin [27r (15 tanh( 2 4+ 42 — 0.2))] The domain 2

is (-1, 1)2 and there are again 50 x 50 meshes and h; = hy = 0.04. The final time
for the computation was 7" = 0.1.

Next two examples show restoration of spherical surface. We start with a part
of the sphere with radius R = 3 and center C = (0,0,—1.5) above the square
Q=(-1, 1)2. We obtain a graph which can be described by a function ug. It yields
ws = Q (us) H (ug). Then the following Dirichlet boundary conditions

U |ow, = Us, W |ow,= ws,

are considered (there are more general then (2.13) and (2.14)). In the case of Fig.6.4
we perturb the original function ug as follows

Uini = ug +exp " -sin (7.577)

for r = /22 4+ y2. The initial condition for Fig.6.5 was obtained by applying
the heat equation on the initial function v;,; = 0 with the Dirichlet boundary
conditions v |y, = us and setting wi,; = v |t=0.1. There were 50 x 50 meshes and
h1 = ha = 0.04 in both cases. In the first case (Fig.6.4) we stopped the computation
at time T' = 0.05 and in the second case (Fig.6.5) at T = 0.2.

The example on Fig. 6.6 shows a computation with the homogeneous Neumann
boundary conditions on wu;j and w;j. The initial condtion is ug;; = sin (27z) on
Q = (0, 1)2 with 25 x 25 meshes and so hy = ho = 0.04. The final time T = 0.5.

5. Conclusion. In this article, we discused a formulation of the Willmore flow
for graphs and we presented a numerical scheme based on the method of lines. We
have proved energy equality for the scheme and we have showed several computa-
tional experiments.

6. Acknowledgement. This work has been performed with partial support of
Ministry of Education of the Czech Republic under the research plan No. MSM9:210000010
and of the Ministry of Industry and Trade, No. 1H-PK/22.



Numerical solution for the Willmore flow of graphs 9

00 ' 00

FIG. 6.1. Convergence towards the planar surface at timest =0, t = 10~%, t = 17 - 10~

and t = 0.01.

Fic. 6.2. Convergence towards the planar surface at times t =0, t = 0.002, t = 0.005 and t = 1.
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FiG. 6.3. Convergence towards the planar surface at timest =0, t=5-10"6 and t = 0.1.

-1 1 -1 -1

FIG. 6.4. Spherical surface restoration at timest =0, t =2-10"5%, t =10~* and t = 0.05.
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FiG. 6.5. Spherical surface restoration at timest =0, t = 0.05, t = 0.06 and t = 0.2.

10 ' 10

Fic. 6.6. Test with the Neumann boundary conditions at times t = 0, t = 0.005, t = 0.175
and t = 0.5.
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