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Obsah
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Ukázková úloha dvoufázového prouděnı́
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Motivace

[zdroj: SERDP Project No.ER-1687 Final report, 2014]
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Měřı́tka

oil source

oil
spill

Field scale ∼ 10 m Pore scale ∼ 10−3 m Molecular scale ∼ 10−9 m

solid matrix oil water
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Matematické modelovánı́ dvoufázového
prouděnı́ v poréznı́m prostředı́

fáze: voda, plyn, NAPL
(Non-Aqueous Phase Liquid)

nemı́sivé fáze

stlačitelné nebo nestlačitelné
fáze

kapilarita

gravitace

heterogennı́ prostředı́

Obrázek: Experiment [CESEP,
Colorado School of Mines]
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fáze: voda, plyn, NAPL
(Non-Aqueous Phase Liquid)

nemı́sivé fáze
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Motivace Ukázková úloha Přehled přesných řešenı́ Přesné řešenı́ v Rd Pachatelé

Rovnice dvoufázového prouděnı́ v Rd

Rovnice kontinuity pro fázi α = w, n:

∂(φραSα)

∂t
+∇ · (ρα~vα) = Fα

Darcyho zákon fázi α = w, n:

~vα = −λαK(∇pα − ρα~g)

Bilance saturace
Sw + Sn = 1

Kapilárnı́ tlak
pc = pn − pw = pc(Sw)

(použı́vajı́ se empirické modely závislosti na saturaci)

Předpoklady pro některé z uvedených veličin:
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Předpoklady pro některé z uvedených veličin:
pα = pα(t, ~x) — tlak fáze α = w, n

— diferencovatelná funkce ∀t > 0 a ∀~x ∈ Ω ⊆ Rd
— rozměr: [Pa]
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Rovnice dvoufázového prouděnı́ v Rd
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Předpoklady pro některé z uvedených veličin:
Sα = Sα(t, ~x) — saturace fáze α = w, n

— diferencovatelná funkce v čase ∀~x ∈ Ω ⊆ Rd

— po částech hladká funkce v prostoru ∀~x ∈ Ω ⊆ Rd
— rozměr: [1]
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Předpoklady pro některé z uvedených veličin:
~vα = ~vα(t, ~x) — Darcyho rychlost fáze α = w, n

— vektorová funkce ∀t > 0 a ∀~x ∈ Ω ⊆ Rd
— patřı́ do prostoru H(div,Ω)

— rozměr: [ms−1]d
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Ukázková úloha: Definice
Úloha dvoufázového prouděnı́ bez gravitace a kapilarity v R1:

φ
∂S

∂t
+ u

∂f(S)

∂x
= 0

kde x ∈ [0, L], t ∈ (0, T )

S . . . saturace vody (S := Sw)

f . . . frakčnı́ toková funkce

φ . . . porozita

u . . . Darcyho rychlost

Počátečnı́ podmı́nka:

S(0, x) = Si.

Okrajová podmı́nka:

S(t, 0) = S0, S(t, L) = Si.

0

1

0 L

S

x

Obrázek: Oblast [0, L].
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λw(S)+λn(S)
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Počátečnı́ podmı́nka:

S(0, x) = Si.
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Ukázková úloha: Diskretizace MKD
Časově explicitnı́ metoda konečných diferencı́ (MKD):

Prostorová diskretizace [0, L]:

x` = `h,

kde h = L
n

, ` = 0, 1, . . . , n

Časová diskretizace [0, T ]:

tk = kτ,

kde τ = T
m

, k = 0, 1, . . . ,m

Diskrétnı́ aproximace derivacı́:

∂S(tk, x`)

∂t
≈
Sk+1
` − Sk`

τ

∂S(tk, x`)

∂x
≈
Sk`+1 − Sk`−1

2h
(centrálnı́ diference)

0

1

0 L

S

Obrázek: Spojité řešenı́.
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Časově explicitnı́ metoda konečných diferencı́ (MKD):
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čas tk

Sk+1
ℓ−1

Sk+1
ℓ

Sk+1
ℓ+1
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Ukázková úloha: Numerické schéma

Úloha dvoufázového prouděnı́ bez gravitace a kapilarity v R1:

φ
∂S

∂t
+ u

∂f(S)

∂x
= 0,

S(t, 0) = S0, S(t, L) = Si.

Numerické schéma:

φ
Sk+1
` − Sk

`

τ
+ u ? = 0,

Sk
0 = S0, Sk

n = Si.
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Ukázková úloha: Pokus 1
Aproximace derivace:

∂f(S)

∂x
≈ df

(
S̄k
`

)
dS

Sk
`+1 − Sk

`−1
2h

(centrálnı́ diference)

Poznámka:

∂f(S)

∂x
=

df(S)

dS

∂S

∂x

(řetězové pravidlo)

0
0 1

S0 = 1
S

x [m]

t=1000 s

n=25 uzl̊u

0
0 1

S0 = 1
S

x [m]

t=1000 s

n=50 uzl̊u
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Ukázková úloha: Pokus 2
Stabilizace pomocı́ umělé
vazkosti:

φ
∂S

∂t
+ u

∂f(S)

∂x
= ε

∂2S

∂x2

Aproximace derivace:

∂f(S)

∂x
≈df

(
S̄k
`

)
dS

Sk
`+1 − Sk

`−1
2h

∂2S

∂x2
≈S

k
`+1 − 2Sk

` + Sk
`−1

h2
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ε . . . umělá vazkost (malá)

0
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ε = 10−4
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Ukázková úloha: Pokus 4
Aproximace derivace:
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Ukázková úloha: Pokus 5
Vanishing viscosity stabilization:
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Ukázková úloha: Pokus 6
Aproximace derivace:
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Ukázková úloha: Shrnutı́

0

0 1

S

x [m]

t= 1000 s

n=25 uzl̊u

1: centrálńı
2: centrálńı stab.
3: upwind

S0 = 1

0
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S

x [m]
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4: centrálńı
5: centrálńı stab.
6: upwind

S0 = 1

Co s tı́m?
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2: centrálńı stab.
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Obsah

Úvod

Ukázková úloha dvoufázového prouděnı́

Přehled přesných řešenı́

Přesné řešenı́ v Rd (a úkol pro SSM)

Pachatelé
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Přehled přesných řešenı́

Přesná řešenı́ pro homogennı́ poréznı́ prostředı́:
1. S. E. Buckley a M. C. Leverett (1942)

2. D. B. McWhorter a D. K. Sunada (1990)

3. R. Fučı́k, T. H. Illangasekare, a M. Beneš (2016)

Přesná řešenı́ pro heterogennı́ poréznı́ prostředı́:
4. C. J. van Duijn a M. J. de Neef (1996)

5. R. Fučı́k, J. Mikyška, M. Beneš, a T. H. Illangasekare (2008)
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Buckleyho and Leverettovo analytické řešenı́

Rovnice v R1:
φ
∂S

∂t
+ u

∂f(S)

∂x
= 0

jednorozměrná oblast

homogennı́ poréznı́ prostředı́

bez gravitace, bez kapilarity

metoda charakteristik

u = u(t)

počátečnı́ podmı́nka:

S(0, x) = Si

okrajová podmı́nka:

S(t, 0) = S0

0

1

0

Si

S0

S

x

+∞

u
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bez gravitace, bez kapilarity

metoda charakteristik

u = u(t)
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Buckley a Leverett: Ukázková úloha
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3: upwind

S0 = 1

0
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S

x [m]
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n=25 uzl̊u

4: centrálńı
5: centrálńı stab.
6: upwind

S0 = 1

Numerické řešenı́ vs. Buckleyho a Leverettovo analytické řešenı́
(černě).
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3: upwind

S0 = 1

0

0 1

S

x [m]

t= 1000 s

n=200 uzl̊u

4: centrálńı
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Přehled přesných řešenı́

Přesná řešenı́ pro homogennı́ poréznı́ prostředı́:
1. S. E. Buckley a M. C. Leverett (1942)

2. D. B. McWhorter a D. K. Sunada (1990)

3. R. Fučı́k, T. H. Illangasekare, a M. Beneš (2016)

Přesná řešenı́ pro heterogennı́ poréznı́ prostředı́:
4. C. J. van Duijn a M. J. de Neef (1996)

5. R. Fučı́k, J. Mikyška, M. Beneš, a T. H. Illangasekare (2008)
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McWhorterovo a Sunadovo řešenı́ v R1

Rovnice v R1:

φ
∂S

∂t
+ u

∂f(S)

∂x
=

∂

∂x

(
D(S)

∂S

∂x

)
bez gravitace

D(S) funkce kapilárnı́ difúze

u = RAt−
1
2

A = A(S0), R ∈ (−∞, 1] ∗

počátečnı́ podmı́nka:

S(0, x) = Si

okrajové podmı́nky:

S(t, 0) = S0, S(t,+∞) = Si
0

1

0

Si

S0

S

x

+∞

u0 = At−
1
2

∗R. Fučı́k, J. Mikyška, T. H. Illangasekare, M.Beneš (2007)
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McWhorterovo a Sunadovo řešenı́ v R1
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McWhorterovo a Sunadovo řešenı́ v R2

Rovnice v R2 (radiálnı́ prouděnı́):

φ
∂S

∂t
+∇ · (f(S)~u−D(S)∇S) = 0

bez gravitace

D(S) funkce kapilárnı́ difúze

konstantnı́ vtláčenı́ nesmáčivé
fáze v ~0

konstantnı́ ~u (v radiálnı́m směru)

||~u|| = A

počátečnı́ podmı́nka:

S(0, ~x) = Si

okrajové podmı́nky:

S(t,~0) = 1, S(t,∞) = Si

0

y

x

~u
~u
~u
~u

~u~u~u
~u
~u
~u

~u ~u

Si

S0 = 1
bodový zdroj
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Plot of S: d = 2, Si = 0, A [m2s−1], t = 1 s

A = 10−9
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A = 10−5

A = 10−4

Obrázek: Různé hodnoty A.
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Rovnice v R2 (radiálnı́ prouděnı́):
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Obrázek: Různé poč. saturace Si.
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Plot of S: d = 2, Si [−], A = 10−5 m2s−1, t = 1 s
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Si = 0.3
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Obrázek: Různé poč. saturace Si.
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Přehled přesných řešenı́

Přesná řešenı́ pro homogennı́ poréznı́ prostředı́:
1. S. E. Buckley a M. C. Leverett (1942)

2. D. B. McWhorter a D. K. Sunada (1990)

3. R. Fučı́k, T. H. Illangasekare, a M. Beneš (2016)

Přesná řešenı́ pro heterogennı́ poréznı́ prostředı́:
4. C. J. van Duijn a M. J. de Neef (1996)

5. R. Fučı́k, J. Mikyška, M. Beneš, a T. H. Illangasekare (2008)
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Fučı́k, Illangasekare a Beneš (2016)
Rovnice radiálnı́ho prouděnı́ v obecném d-rozměrném prostoru:

φ
∂S

∂t
+∇ · (f(S)~u−D(S)∇S) = 0

bez gravitace

dimenze d = 2, 3, 4, . . .

zobecněnı́ McWhorterova a
Sunadova řešenı́

časová úměrnost vstupnı́ho toku:

||~u(t,~0)|| ∝ At
d−2
2

počátečnı́ podmı́nka:

S(0, ~x) = Si

okrajové podmı́nky:

S(t,~0) = 1, S(t,∞) = Si

0

~u
~u
~u
~u

~u~u~u
~u
~u
~u

~u ~u

Si

S0 = 1
bodový zdroj

Obrázek: Ukázka oblasti v R2.
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φ
∂S

∂t
+∇ · (f(S)~u−D(S)∇S) = 0

bez gravitace

dimenze d = 2, 3, 4, . . .
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počátečnı́ podmı́nka:

S(0, ~x) = Si
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Obrázek: Radiálnı́ souřadnice.
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Obrázek: Různé hodnoty A.
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Fučı́k, Illangasekare a Beneš (2016)
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Plot of S: d = 3, Si [−], A = 10−5 m3s−
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Obrázek: Různé poč. saturace Si.
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Plot of S: d = 3, Si [−], A = 10−6 m3s−
3
2 , t = 1 s
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Obrázek: Různé poč. saturace Si.
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Obrázek: Různé injection rates A.
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Obrázek: Různé poč. saturace Si.
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Plot of S: d = 4, Si [−], A = 10−7 m4s−2, t = 1 s
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Obrázek: Různé poč. saturace Si.

28 / 43
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Přehled přesných řešenı́

Přesná řešenı́ pro homogennı́ poréznı́ prostředı́:
1. S. E. Buckley a M. C. Leverett (1942)

2. D. B. McWhorter a D. K. Sunada (1990)

3. R. Fučı́k, T. H. Illangasekare, a M. Beneš (2016)

Přesná řešenı́ pro heterogennı́ poréznı́ prostředı́:
4. C. J. van Duijn a M. J. de Neef (1996)

5. R. Fučı́k, J. Mikyška, M. Beneš, a T. H. Illangasekare (2008)

29 / 43
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van Duijnovo a de Neefovo přesné řešenı́

Rovnice v heterogennı́m poréznı́m prostředı́ v R1:

φ
∂S

∂t
=

∂

∂x

(
D(S)

∂S

∂x

)
bez gravitace, bez advekce

materiálová nespojitost v x = 0

D(S) funkce kapilárnı́ difúze

počátečnı́ podmı́nky:

S(0, x) = SIi , pro x < 0

S(0, x) = SIIi , pro x > 0

okrajové podmı́nky:

S(t,−∞) = SIi , S(t,+∞) = SIIi

1

0

SII
0

SI
0

SII
i

SI
i

+∞−∞

S
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Přehled přesných řešenı́

Přesná řešenı́ pro homogennı́ poréznı́ prostředı́:
1. S. E. Buckley a M. C. Leverett (1942)

2. D. B. McWhorter a D. K. Sunada (1990)

3. R. Fučı́k, T. H. Illangasekare, a M. Beneš (2016)

Přesná řešenı́ pro heterogennı́ poréznı́ prostředı́:
4. C. J. van Duijn a M. J. de Neef (1996)

5. R. Fučı́k, J. Mikyška, M. Beneš, a T. H. Illangasekare (2008)

31 / 43
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Fučı́k, Mikyška, Beneš, Illangasekare (2008)
Rovnice v heterogennı́m poréznı́m prostředı́ v R1:

φ
∂S

∂t
+ u

∂f(S)

∂x
=

∂

∂x

(
D(S)

∂S

∂x

)
bez gravitace

materiálová nespojitost v x = 0

D(S) funkce kapilárnı́ difúze

u ∝ Rt−
1
2 , R ∈ (−∞, 1)

počátečnı́ podmı́nky:

S(0, x) = SIi , for x < 0

S(0, x) = SIIi , for x > 0

okrajové podmı́nky:

S(t,−∞) = SIi , S(t,+∞) = SIIi

1

0

SII
0

SI
0

SII
i

SI
i

+∞−∞

S
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φ
∂S

∂t
+ u

∂f(S)

∂x
=

∂

∂x

(
D(S)

∂S

∂x

)
bez gravitace
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S(0, x) = SIIi , for x > 0

okrajové podmı́nky:

S(t,−∞) = SIi , S(t,+∞) = SIIi

1

-1 0 1

S

x [m]

t= 4000 s

SI
i =0.05 SII

i =0.95

R=-10
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materiálová nespojitost v x = 0

D(S) funkce kapilárnı́ difúze
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φ
∂S

∂t
+ u

∂f(S)

∂x
=

∂

∂x

(
D(S)

∂S

∂x

)
bez gravitace
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okrajové podmı́nky:

S(t,−∞) = SIi , S(t,+∞) = SIIi

1

-1 0 1

S

x [m]

t= 4000 s

SI
i =0.05 SII

i =0.95

R=0.5

32 / 43



Motivace Ukázková úloha Přehled přesných řešenı́ Přesné řešenı́ v Rd Pachatelé
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materiálová nespojitost v x = 0

D(S) funkce kapilárnı́ difúze
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Obsah

Úvod

Ukázková úloha dvoufázového prouděnı́

Přehled přesných řešenı́

Přesné řešenı́ v Rd (a úkol pro SSM)

Pachatelé
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Rovnice dvoufázového prouděnı́ v Rd (opět)
Rovnice kontinuity pro fázi α = w, n:

∂(φραSα)

∂t
+∇ · (ρα~vα) = Fα

Darcyho zákon fázi α = w, n:

~vα = −λαK(∇pα − ρα~g)

Bilance saturace
Sw + Sn = 1

Kapilárnı́ tlak
pc = pn − pw = pc(Sw)

Úkol: Z těchto rovnic odvod’te rovnice v Rd:

φ
∂Sw

∂t
+∇ · (f(Sw)~vT −D(Sw)∇Sw) = 0,

∇ · ~vT = 0.
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Formulace úlohy v Rd

Úkol: Odvod’te rovnice v Rd:

φ
∂Sw

∂t
+∇ · (f(Sw)~vT −D(Sw)∇Sw) = 0,

∇ · ~vT = 0.

Poznámky:

bez gravitace: ~g = ~0

nestlačitelné: ρα = konst

totálnı́ rychlost: ~vT = ~vw + ~vn

izotropnı́ prostředı́: K = KI

frakčnı́ toková funkce: f = λw
λw+λn

funkce kapilárnı́ difúze: D = −K λwλn
λw+λn

dpc
dSw
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frakčnı́ toková funkce: f = λw
λw+λn

funkce kapilárnı́ difúze: D = −K λwλn
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totálnı́ rychlost: ~vT = ~vw + ~vn

izotropnı́ prostředı́: K = KI
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nestlačitelné: ρα = konst
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nestlačitelné: ρα = konst
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frakčnı́ toková funkce: f = λw
λw+λn

funkce kapilárnı́ difúze: D = −K λwλn
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Sférická transformace rovnic v Rd: 1/3
Rovnice

φ
∂Sw

∂t
+∇ · (f(Sw)~vT −D(Sw)∇Sw) = 0,

∇ · ~vT = 0,

za předpokladu symetrie řešenı́ dle počátku ~0:

Sw = Sw(t, r), ~vT = ~vT (t, r),

transformujeme do obecných sférických souřadnicı́ch v Rd

(viz cvičenı́ MAA4)

Okrajové podmı́nky:

Sw(t, 0) = 1, Sw(t,+∞) = Si.

Počátečnı́ podmı́nka:

Sw(0, r) = Si.
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Sférická transformace rovnic v Rd: 2/3

Řešenı́ rovnice
∇ · ~vT = 0,

ve sférických souřadnicı́ch lze najı́t ve tvaru

~vT (t, r) =
Q0(t)

γdrd−1
~ι,

kde

Q0 je koeficient rychlosti vtoku

γd . . . povrch jednotkové koule v Rd:

γd =
dπ

d
2

Γ
(
d
2

+ 1
)

~ι . . . jednotkový vektor v kladném radiálnı́m směru
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Řešenı́ rovnice
∇ · ~vT = 0,
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~vT (t, r) =
Q0(t)

γdrd−1
~ι,

kde
Q0 je koeficient rychlosti vtoku

γd . . . povrch jednotkové koule v Rd:

γd =
dπ

d
2

Γ
(
d
2

+ 1
)

~ι . . . jednotkový vektor v kladném radiálnı́m směru
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Sférická transformace rovnic v Rd: 3/3
Hlavnı́ rovnice pro Sw = Sw(t, r):

γdr
d−1φ

∂Sw

∂t
+ (1− f(Si))Q0

∂F

∂r
= 0

funkce F = F (t, r)

F =

Qw
Q0
− f(Si)

1− f(Si)

= Fw −
γdr

d−1

(1− f(Si))Q0
D
∂Sw
∂r

funkce Qw = Qw(t, r):

Qw = γdr
d−1vw

= fQ0 − γdrd−1D
∂Sw
∂r

,

funkce Fw = Fw(Sw) . . . normalizovaná funkce f :

Fw(Sw) =
f(Sw)− f(Si)

1− f(Si)
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Sférická transformace rovnic v Rd: 3/3
Hlavnı́ rovnice pro Sw = Sw(t, r):

γdr
d−1φ

∂Sw

∂t
+ (1− f(Si))Q0

∂F

∂r
= 0

funkce F = F (t, r)

F =

Qw
Q0
− f(Si)

1− f(Si)

= Fw −
γdr

d−1

(1− f(Si))Q0
D
∂Sw
∂r

funkce Qw = Qw(t, r):

Qw = γdr
d−1vw

= fQ0 − γdrd−1D
∂Sw
∂r

,

funkce Fw = Fw(Sw) . . . normalizovaná funkce f :
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Motivace Ukázková úloha Přehled přesných řešenı́ Přesné řešenı́ v Rd Pachatelé

Soběpodobná transformace proměnných
Hlavnı́ rovnice pro Sw = Sw(t, r):

γdr
d−1φ

∂Sw(t, r)

∂t
+ (1− f(Si))Q0(t)

∂F (t, r)

∂r
= 0. (1)

Pokud
Q0(t) = At

d−2
2 ,

lze pomocı́ transformace proměnných λ(Sw) = rt−
1
2 převést rovnici

(1) na obyčejnou diferenciálnı́ rovnici pro F = F (Sw)

F ′′ (F ′)
2
d−2 = −A− 2

d
CdD

F − Fw

s okrajovými podmı́nkami

F (Si) = 0, F (S0) = 1.

Cd = d
(

γd
1−f(Si)

) 2
d (φ

2

) 2
d
−1

. . . konstanta.
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2 převést rovnici

(1) na obyčejnou diferenciálnı́ rovnici pro F = F (Sw)

F ′′ (F ′)
2
d−2 = −A− 2

d
CdD

F − Fw
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Motivace Ukázková úloha Přehled přesných řešenı́ Přesné řešenı́ v Rd Pachatelé

Integrálnı́ řešenı́: 1/2
Integrálnı́ řešenı́ obyčejné diferenciálnı́ rovnice

F ′′ (F ′)
2
d−2 = −A− 2

d
CdD

F − Fw

pro d = 1 a d = 2: McWhorter a Sunada (1990), Fučı́k et al. (2007)

pro d ≥ 3: Fučı́k, Illangasekare a Beneš (2016):

F (Sw) =

Sw∫
Si

(F ′(S+
i )
) 2−d

d +
d− 2

d
CdA

− 2
d

β∫
Si

D(η)

F (η)− Fw(η)
dη


d

2−d

dβ,

s podmı́nkou/rovnicı́ pro neznámou hodnotu F ′(S+
i ):

1 =

S0∫
Si

(F ′(S+
i )
) 2−d

d +
d− 2

d
CdA

− 2
d

β∫
Si

D(η)

F (η)− Fw(η)
dη


d

2−d

dβ.
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Integrálnı́ řešenı́: 2/2

pro d ≥ 3: Fučı́k, Illangasekare a Beneš (2016):

F (Sw) =

Sw∫
Si

(F ′(S+
i )
) 2−d

d +
d− 2

d
CdA

− 2
d

β∫
Si

D(η)

F (η)− Fw(η)
dη


d

2−d

dβ,

s podmı́nkou/rovnicı́ pro neznámou hodnotu F ′(S+
i ):

1 =

S0∫
Si

(F ′(S+
i )
) 2−d

d +
d− 2

d
CdA

− 2
d

β∫
Si

D(η)

F (η)− Fw(η)
dη


d

2−d

dβ.

řešenı́ integrálnı́ rovnice lze najı́t iteračně pomocı́ numerické integrace
online implementace řešenı́ pro d = 1, d = 2, a d ≥ 3:

http://mmg.fjfi.cvut.cz/˜fucik/exact1d
http://mmg.fjfi.cvut.cz/˜fucik/exact
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Ukázková úloha dvoufázového prouděnı́
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Spolupachatelé (foto rok 2007)

Tissa H. Illangasekare RF Michal Beneš Jiřı́ Mikyška
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