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Video na Youtube


https://www.youtube.com/watch?v=OUGocKnXLSw

Nasobeni hustych matic

» Nasobeni husté matice s vektorem je pomérné primoceré:
» do vstupniho vektoru pfistupujeme opakované a mlze se vyplatit ho drzet v kesi
CPU nebo sdilené paméti multiprocesrou na GPU

» Nasobeni dvou hustych matic na CPU jsme si ukazali jiz v Casti a optimalnich
pristupech do paméti na CPU.

» Podobny postup vyuzivajici nasobeni jednotlivych dlazdic matice se hodi i na
GPU.

Ukazeme si ndsobeni hustych matic na architekturach s distribuovanou paméti.



Nasobeni hustych matic

mejme matice A, B, C € R™"

pocitame soucin C = AB

meéjme p procesu a necht p je mocnina dvou
matice rozdélime blokové na ,/p x /p bloku
pak je
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Cij= Z A kB
k=0
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vypocet bloku C; ; provadi ten proces, na ktery je blok mapovan
» od ostatnich procesu si musi vyzadat pfislusné bloky A; ;. a By,



Nasobeni hustych matic
Priklad: prop =9

Coo = AooBoo+ Ao1DB1o+ Ap2Ba2o
Cio = Ai10Boo+ Ai1B1o+ Ai12Bay
Ao 0Boo+ Ao 1B+ AxpBag
Ao oBo1+ Ao 1B+ Ag2B2
Ciqn = AioBog+ A11Bi1+Ai2B2

e
= o
I

Co1 = AgoBoi+ A 1B+ A22Bo
Co2 = AooBo2~+ Aoi1B1o+ Ap2eBas
Cia = A1 0Boo+ A1 1B1o+ A12Bsp
Coo = As0Boa+ Ao 1B1o+ A9Bas

> vidime, Ze napf. v prvnim kroku tfi rizné procesy potfebuji souéasné bloky
Ao, A1 0, A2 o a podobné pro bloky z matice B



Nasobeni hustych matic

> tyto konflikty jsou nevyhodné zejména pro architektury s distribuovanou
paméti

> zmeénime poradi s¢itani blokl v jednotlivych procesech

> kazdy fadek pro vypocet bloku C; ; orotujeme (i + j)-krét doleva

Coo = AooBoo+ 401810+ Ag2Bag
Cio = A11Biog+Ai2Bag+ Ai0Boo
Coo = AzaBoo+ A20Boo+ As1 510
Co1 = Ao1Bi1+Ag2Bai + AooBoa
Cii = A12Bo1 + A1 0Boy + A1 51
Co1 = As0Boi+ A1 B 1+ A22B21
Co2 = Ao2Bap+ AgoBog2+ Ao B2
Cia = Aio0Boa2+ A11B12+ A12B2s

Coo = Ao 18194 AsaBoo+ Az B2



Nasobeni hustych matic

Aoo | Aar | Aez | Aoz Byo | Box | Boz2, | Bos,
Ao Al.lr A j“n By | By, | Ba .Bl_z
Ao | Az As :":J By | By, - B, .B:J
Ajp ;\;_, ;\3': ;\},,\ B;g . B, ‘Bx': ' By
(a) Initial alignment of A (b) Initial alignment of B

Zdroj: A. Grama, A. Gupta, G. Karypis, V. Kumar, Introduction to Parallel Computing, Pearson/Addison Wesley, 2003



Nasobeni hustych matic

> asumu )
Cij =Y AixBr;
k=0

zaménime za )

Z Aj (it )%3 Bloti+5)%3,5
k=0



Nasobeni hustych matic

| Ace™| Aoi™| Ae2™| Aoa” = Aoi | Av2=] Aex™| Aoo”
,Boo |, Bur |, Bax [ Bis Bio [, Bay | Bsa | Boa
AL AT AT AT AR AT AT AT
Bio | Bay [ B ‘_B(.“ Byy | Byy [ Bz _,Bu
| A= Az Age=| AT | AT Age = A | AgaT
Bao | By . Byx [ Bys Bip | Boy | Biz | Bas
= A=) Az~ Az T Asp” <Ao< A= A= Ass T
!BNI . By, ’BL: (B:\ (Bn,n _’Bu !B:: ’B;,\
(c) A and B after initial alignment (d) Submatrix locations after first shift

Zdroj: A. Grama, A. Gupta, G. Karypis, V. Kumar, Introduction to Parallel Computing, Pearson/Addison Wesley, 2003

» v kazdém kroku algoritmu bloky matice A rotuji o jeden doleva a bloky matice
B o jeden nahoru



Nasobeni hustych matic

4 4 4 4
Apa=| Aga=| Ago=| Aar™ Aoz Ao Ag Ap2
‘B:,o 48;1 By, B3 Big By B, Bys
AT A< AT AT Ao | A | Az | A
Big Bl)l BI.: 4 B, Bu,n B1 1 B, B3
< Az A< AT AgsT Axy | Az | Axs | Ay
,Boo | Bui | B2z | Bss Bio | Bay | Biz | Bos
<A = A= AT AT Aza Ajs Azo | Az
JBio | B | Bsa | Bos Byop | Bsy | Box | Bys

(e) Submatrix locations after second shift (f) Submatrix locations after third shift

Zdroj: A. Grama, A. Gupta, G. Karypis, V. Kumar, Introduction to Parallel Computing, Pearson/Addison Wesley, 2003



Ridké matice

Definition
Ridka matice je takova matice, ktera ma vétsinu svych prvkd nulovych.




Ridké matice

» U takovychto matic ukladame jen nenulové prvky, ¢imz Ize vyrazné redukovat
pameétové naroky.
» Existuje cela fada formatd pro ukladani fidkych matic.
» Mezi nejznaméjsi patfi:
» COO - coordinate list

» CSR - compressed sparse rows
> Ellpack

Cilem je maximalné redukovat objem dat nezbytny k reprezentaci matice.

Jednak to Setii pamét, ale vétsina maticovych opreaci je limitovana datovou
propustnosti, tj. méné dat = lepSi vykon.

vy



Ridké matice - COO format

values|[] 117
columns[] 0] 47|
rows [] rdivd

Y

Tento format vyuziva tfi pole, kazdé ma tolik prvkd, kolik je nenulovych maticovych
prvkui:

» values - hodnoty maticovych prvki,
» columns - sloupcové indexy maticovych prvki,
» rows - fadkové indexy maticovych prvku.



Ridké matice - CSR format

columns (] 012[2[110[0[116[2[5[714|7
5 ‘ rowPointers[] ‘

e

Predpokladame, ze nenulové prvky jsou ulozeny po fadcich.
Pole rows nahradime za rowPointers:

> to ma velikost rovnu poctu radku +1

» pro kazdy radek obsahuje index prvniho prvku v fadku v polich values a
columns

> toto pole se do napocitat pomci exkluziniho prefix-sum aplikovany na pole
udavajici pocet nenulovych prvkd v daném radku matice




Ridké matice - Ellpack format

Predpokladame, ze v kazdém radku je pocet nenulovych prvkua témeér stejny.
» Pokud m je maximalni poCet nenulovych prvkd v jednotlivych fadcich matice,
pak k-ty fadek zaCina v polach values a columns na pozici k - m.

» Do radku, které maji mensi zaplnéni nenulovymi prvky vlozime zarovnavaci
nuly, tzv. padding elements.



T«

idké matice - SpMV
SpMV = sparse-matrix vector multiplication

void SpMV ( const CSRMatrix& A, const Vector& x, Vectoré& b )
{

for( int row = 0; row < A.getRows(); rowt+) {
double aux( 0.0 );
const int begin = A.rowPointers[ row ];
const int end = A.rowPointers[ row + 1 ];
for( int i = begin; i < end; i++ )
aux += x[ A.columns[ i ] ] = A.values[ 1 ];
bl row ] = aux;

» Do poli values a columns pfistupujeme sekvenéné mame tak optimalni
pristupy do paméti.
» Vkladani novych prvku do formati CSR je velice narocné.



Matice v TNL

TNL podporuje nasledujici typy matic:
> husté matice,
» obecné ridké matice,
» tridiagonalni a mutlidiagonalni matice,
» lambda matice pro bezmaticové metody (matrix-free methods).



Matice v TNL - husté matice
Husta matice je v TNL definovana jako:

1 template< typename Real = double,

2 typename Device = TNL::Devices::Host,
3 typename Index = int,

4 typename ElementsOrganization,

5 typename RealAllocator >

6 struct TNL::Matrices::DenseMatrix;

> Real je typ maticovych prvka.
> Device je typ zafizeni, na kterém bude matice alokovana.
> Index je typ pro indexovani maticovych prvka.
> ElementsOrganization definuje organizaci matice v paméti:
> TNL::Algorithms::Segments::RowMajorOrder je uloZeni po fadcich -
defaultni pro CPU,
» TNL::Algorithms::Segments::ColumnMajorOrder je uloZzeni po
sloupcich - defaultni pro GPU.

> RealAllocator je alokator pro maticové prvky.



Matice v TNL - husté matice

Nastaveni maticovych prvki:

template< typename Device >

1
2 void initializerListExample ()

3 {

4 TNL: :Matrices: :DenseMatrix< double, Device > matrix {

5 { 1, 2, 3, 4, 5, 61},

6 ° 0 7, 8, 9, 10, ii, 12 },

7 { 13, 14, 15, 16, 17, 18 }

8 }i

9

10 std::cout << "General dense matrix: " << std::endl << matrix << std::endl;
11

12 TNL: :Matrices: :DenseMatrix< double, Device > triangularMatrix {
13 { 11,

14 { 2, 31,

15 { 4, 5, 6},

16 o 7, 8, 9y 10 By,

17 { 11, 12, 13, 14, 15 }

18 }i

19

20 std::cout << "Triangular dense matrix: "

21 << std::endl << triangularMatrix << std::endl;



Matice v TNL - husté matice
Nastaveni maticovych prvku:

template< typename Device >

1
2 void addElements ()

3 {

4 TNL: :Matrices: :DenseMatrix< double, Device > matrix( 5, 5 );

5

6 for( int i = 0; i < 5; 1i++ )

7 matrix.setElement ( i, i, 1 );

8

9 std::cout << "Initial matrix is: " << std::endl << matrix << std::endl;
10

11 for( int i = 0; 1 < 5; i++ )

12 for( int j = 0; 3§ < 5; j++ )

13 matrix.addElement ( i, j, 1.0, 5.0 );

14

15 std::cout << "Matrix after addition is: " << std::endl << matrix << std::endl;



Matice v TNL - husté matice

Nastaveni maticovych prvku:

template< typename Device >

1

2 void forRowsExample ()

3 {

4 using MatrixType = TNL::Matrices::DenseMatrix<double, Device>;
5 using RowView = typename MatrixType::RowView;

6 const int size = 5;

7 MatrixType matrix( size, size );

8

9 // Set the matrix elements.

10 auto f = [] __cuda_callable__ ( RowView& row ) {

11 const int& rowIdx = row.getRowIndex();

12 if( rowIdx > 0 )

13 row.setValue( rowIdx - 1, -1.0 );

14 row.setValue( rowlIdx, rowIdx + 1.0 );

15 if ( rowIdx < size 1)

16 row.setValue( rowIdx + 1, -1.0 );

17 +i

18 matrix.forAllRows( f );

19 std::cout << matrix << std::endl;

20

21 // Now divide each matrix row by its largest element.

22 matrix.forAllRows( [] __cuda_callable__ ( RowView& row ) {
23 double largest = std::numeric_limits< double >::lowest();
24 for ( auto element : row )

25 largest = TNL::max( largest, element.value() );

26 for ( auto element row )

27 element.value() /= largest;

28 P

29 std::cout << matrix << std::endl;
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Matice v TNL - fidké matice

Ridka matice je v TNL definovana jako:

template<

typename
typename
typename
typename

TNL:
typename

TNL:

Real = double,

Device = TNL: :Devices: :Host,
Index = int,

MatrixType =

:Matrices: :GeneralMatrix,

Format =

:Algorithms: :Segments: :CSR>

class TNL::Matrices: :SparseMatrix;

> Real je typ maticovych prvku.
> pro bool jde o binarni matice,
které neukladaji hodnoty prvki
> Device je typ zafizeni, na kterém
bude matice alokovana.
» Index je typ pro indexovani
maticovych prvka.

> MatrixType muze byt:
» TNL::Matrices::GeneralMatrix
> TNL: :Matrices::SymmetricMatrix
> jak format Ize pouzit napft.
> Ellpack
Sliced Ellpack
» Chunked Ellpack
> Bisection Ellpack
» CSR - scalar, vector, light
> Adaptive CSR

v



Matice v TNL - ridké matice

Nastaveni maticovych prvku:

template< typename Device >
void initializerListExample ()
{

TNL: :Matrices: :SparseMatrix< double, Device > matrixl (

5, // number of matrix rows

5, // number of matrix columns

{ // matrix elements definition
{ 0, 0, 2.0},

{ 1, 0, -1.0}, { 1, 1, 2.0
{ 2, 1, -1.0}, { 2, 2, 2.0
{ 3, 2, -1.03}, { 3, 3, 2.0
{ 0

4, 4, 2.0} 1});

std::cout << "General sparse matrix: "

oo 412,
by 2, 3,
b 03, 4,

<< std::endl

-1.0 },
-1.0 },
-1.0 },

<< matrixl << std

TNL: :Matrices: :SparseMatrix< double, Device > matrix2( 5, 5 );

matrix2.setElements ( {
it 0, @ 2.0,

{ 1, o0, -1.0}, { 1, 1, 2.0},
{ 2, 1; =1.0 T, § 2, 2, 2.0 Iy
i 3 2, =1.0 1, § 3, 3 2.0 }y
{ 4, 4, 2.0} 1});

std::cout << "General sparse matrix: "

<< std::endl

<< matrix2 << std:

::endl;

:endl;



Matice v TNL - ridké matice
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Nastaveni maticovych prvki:

template< typename Device >
void initializerListExample ()

{

std:
map .

map

map .

map

map.

map

map .
map .
map .
map .
map .

TNL
TNL

std::cout <<

insert ( std:
.insert ( std:
insert ( std:
.insert ( std:
insert ( std:
.insert ( std:
insert ( std:
insert ( std:
insert ( std:
insert ( std:
insert ( std:

:map< std::pair< int,

:make_pair
:make_pair
:make_pair
:make_pair
:make_pair
:make_pair
:make_pair
:make_pair
:make_pair
:make_pair
:make_pair

int >,
std:
std:
std:
std:
std:
std:
std:
std:
std:
std:
std:

(

(
(
(
(
(
(
(
(
(
(

double > map;

:make_pair (
:make_pair (
:make_pair (
:make_pair (
:make_pair (
:make_pair (
:make_pair (
:make_pair (
:make_pair (
:make_pair (
:make_pair (

::Matrices: :SparseMatrix< double, Device
::Matrices: :SparseMatrix< double, Device
matrix2.setElements ( map );

0, 0), 2
1, 0), -1
1, 1), 2
1, 2y, -1
2, 1), -1
2, 2), 2
2, 3), -1
3, 2), -1
3, 3), 2
3, 4), -1
4, 4, 2

> matrixl (
> matrix2 (

"General sparse matrix: " << std::endl <<

[eNeNeNeolNeNeolNoNeNeNeolNe]

matrixl << std::endl;



Matice v TNL - ridké matice

Nastaveni maticovych prvku:

template< typename Device >

1
2 void forRowsExample ()

3 {

4

s the following matrix (dots represent matrix elements
6 2 ... \

7 121 . /

s i 2 i o |

9 e oo o d 2 iy

10 =\ ..z

il */

[ const int size( 5 );

3 using MatrixType = TNL::Matrices::SparseMatrix< double, Device >;
14 using RowView - typename MatrixType::RowView;

15 MatrixType matrix( { 1, 3, 3, 3, 1 }, size );

16

” he matrix elements.

18 [] _cuda_callable__ ( RowViews row ) {

19 const int rowIdx - row.getRowIndex();

2 if( rowIdx —= 0 )

2 row.setElement ( 0, rowldx, 2.0 ); // diagonal element
» else if( rowldx == size - 1

% row.setElement ( 0, rowIdx, 2.0 ); diagonal element
2 else

25 {

2 row.setElement ( 0, rowIdx - 1, 1.0 ); // elements below the diagonal
2 row.setElement ( 1, rowIdx, 2.0 ); / onal element
28 row.setElement ( 2, rowldx + 1, 1.0 ); // ents above the diagonal
29 }

0 bi

a1 matrix.forAllRows ( £ );

B std::cout << matrix << std::endl;

Bl

E // Divide each matrix row by a sum of all elements in the row.
35 matrix.forAllRows( [] __cuda_callable__ ( RowViews row ) {

36 double sum = 0.0;

K for ( auto element : row )

38 sum += element.value();

3 for ( auto element: row )

a0 element.value() /= sum;

a P

@ std::cout << matrix << std::endl;



Matice v TNL - redukce

Matice v TNL nabizi flexibilni redukci v ramci maticovych radku:
» Priklad pro nasobeni husté matice s vektorem.
» Priklad pro vypoCet maximové normy husté matice.
» Priklad pro nasobeni fidké matice s vektorem.


https://gitlab.com/tnl-project/tnl/-/blob/main/Documentation/UsersGuide/Matrices/DenseMatrixExample_reduceRows_vectorProduct.cpp?ref_type=heads
https://gitlab.com/tnl-project/tnl/-/blob/main/Documentation/UsersGuide/Matrices/DenseMatrixExample_reduceRows_maxNorm.cpp?ref_type=heads
https://gitlab.com/tnl-project/tnl/-/blob/main/Documentation/UsersGuide/Matrices/SparseMatrixExample_reduceRows_vectorProduct.cpp?ref_type=heads
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