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MATHEMATICAL TREATMENT OF SMOLDERING COMBUSTION
UNDER MICRO-GRAVITY

KOTA TKEDA! AND MASAYASU MIMURA?

Abstract. Various finger-like smoldering patterns are observed in experiments under micro-
gravity. For theoretical understanding of such pattern phenomena, a model of reaction-diffusion
system has been proposed. In this paper, we prove the existence and uniqueness of a solution for this
reaction-diffusion system. We also consider a large-time behavior of solutions and show nonexistence
results of traveling wave solutions.
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1. Introduction. It is shown in [4] that thin solid, for an example, paper, cel-
lulose dialysis bags and polyethylene sheets, burning against oxidizing wind develops
finger-like patterns or fingering patterns. The oxidizing gas is supplied in a uniform
laminar flow, opposite to the directions of the front propagation and they control
the flow velocity of oxygen, denoted by Vps. When Vs is decreased below a critical
value, the smooth front develops a structure which marks the onset of instability. As
Vos is decreased further, the peaks are separated by cusp-like minima and a fingering
pattern is formed. In addition, thin solid is stretched out straight onto the bottom
plate and they also control the adjustable vertical gap, denoted by a parameter h,
between top and bottom plates. Experimentally, fingering pattern occurs for small
h, which implies that fingering pattern appears in the absence of natural convection.
Similar phenomena have been observed in a micro-gravity experiment in space (see
[2)).

Here we propose a phenomenological model described by the following reaction-
diffusion system for the (dimensionless) temperature u, the density of paper v, the
concentration of the mixed gas w.

ou ou m

i LeAu+ )\% + yk(u)vw — au™, (x,y) € I x Q,t >0,
(RD) % =  —k(u)vw, (z,y) € I x Q,t >0,

ow rOw

i Aw+)\%—k(u)vw, (x,y) € I xQt>0,

where the constants Le, called Lewis number, a and ~ are positive parameters, A and
A" are nonnegative parameters, k(u) is a nonlinear term called Arrhenius kinetics and
defined by k(u) = exp(—1/u), I C (—o00,00) is a bounded interval (0,l;) or a whole
line (—o0,00),  C R™ is a bounded domain, and A = §?/9z% + Y1 | 6%/0y? is
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Laplacian as usual. We suppose that if I = (0,1,), u, w satisfy

ou ou ow
%(anvt) - %(lwayﬂf) - 07 %(071/7 t) - 07 ’U)(lm, yvt) =Wy > 0

for any y € Q and t > 0, and if T = (—o0, ),

| llim u(z,y,t) =0, lim w(z,y,t)=w,, lim w(z,y,t)=w >0

for any y € 2 and ¢ > 0. In both cases we also suppose that u,w satisfy

ou ou ow

Jw
$<I’y’t)_$(m7y7t)_07 %(xay,t)—a(ﬂ%yyt)—o

forx € I,y € 90N and t > 0, where v is the unit exterior normal vector on 0£2. We
suppose that initial values ug, vy and wq satisfy

u(m,y,O)zuo(x,y) >0, U(%,y,O) :Uo(xay) >0, w(x,y,O)zwo(x,y) > 0.

In numerical simulations, we take A = 0 and A" as a controlled parameter. If \
is large, a smooth flame front is observed (see Figure 1.1 (a)). When " is decreased,
the instability of a smooth flame front occurs. As A" is decreased further, a fingering
pattern is formed (see Figure 1.1 (b), (¢)). Numerical simulations suggest that the
model (RD) exhibits a qualitative agreement with the experimental results. This
motives us to discuss analytically (RD) from pattern formation viewpoints. As the
first step, we will show the existence and uniqueness of global solution of (RD) and
to study the asymptotic behavior of the global solution.

(a) (b) ()

’

large «— A — small

F1c. 1.1. various patterns in (RD)

This paper is organized as follows; In Section 2, we show the global existence and
uniqueness of a solution of (RD) (Theorems 2.1, 2.3). Furthermore we have the upper
bound of a solution of (RD) (Lemma 2.2). In Section 3, we consider the asymptotic
behavior of a global solution given in Section 2 (Theorem 3.1). In Section 4, we
obtain the nonexistence results of a traveling wave solution (Lemmas 4.1, 4.3). ;From
experiments and simulations, we expect that there is a stable traveling wave solution
if A is large. Then we would like to prove the existence of a traveling wave solution
and in general, however, it is difficult. Hence it is necessary to obtain such conditions
as there are no traveling wave solutions. We prove that there are no traveling wave
solutions if a or A is large. In addition, we also obtain the upper bound of the wave
speed of a traveling wave solution in Lemma 4.3.
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2. Existence and uniqueness of a global solution. In this section, we prove
the existence and uniqueness of a global solution. We first prove the existence and
uniqueness of a local solution. Then we replace w by z such as w = z + w, where
w = w(x) is a smooth positive function and satisfies w(l,) = w, and w (0) = 0 if
I=1(0,l;),0orw— w, as x — oo and w — w; as ¢ — oo if I = (—0o0,00). Then we
consider the following system derived from (RD) with respect to (u,v, 2);

Ou _ LeAu + /\@ +vk(w)v(z + w) — au™, (x,y) € I x Q,t >0,

ot Ox

% = —k(uwv(z +w), (v,y) eI x Q,t>0, (2.1)
%: Az—i—)\/%—k(u)v(z—f—w)—i—w”—i—)\/w,, (x,y) € I x Q,t> 0.

The initial values ug, vy and zg are

u(z,y,0) = uo(z,y) >0, wv(z,y,0)=wvo(x,y) >0,

2.2
Z('T7ya0) = wo(x,y) - w(m) = ZO(xay) ( )
for z € I and y € 2. We suppose that u, z satisfy
Ju ou 0z
a tzilravt:a +-(0,y,2) =0, lzvat: 2.
5y 0 ¥t) =5 (o, t) =0, = (0,3, =0, 2(ls,y,t) =0 (2.3)
forye Qand ¢t >0if I = (0,l;), and
lim w(z,y,t) = lm z(z,y,t)=0 (2.4)

|z]—o0 x| —o00
forye Qand ¢ > 0if I = (=00, 00). In both cases we suppose that u, z satisfy

ou ou 0z 0z
— t) = — t)=0, — t) = — t) = 2.
5, &Y =5 @y t) =0, =(z,y,t) = 2-(2,,t) =0, (2.5)
forzel, yedandt > 0.
We prove the existence and uniqueness of a local solution of the above system.
In the proof, we shall use the standard theory of an analytic semigroup and prove the
existence of the following integral equation;

O(t) =T(t)Po + /0 T(t—s)f(P(s))ds, (2.6)

where ® = (u, v, 2)t, ®9 = (ug, vo, 20), T(t) is a semigroup generated by a differential
operator A defined by

LeA—f—)\E 0 0
ox
A= 0 0 0
0 0 A+X2
ox

and
vk(u)(w + 2)v — au™
f(®) = —k(u)(w+ z?/v o
—k(uw)(w+2)v+w +Aw
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We consider the integral equation (2.6) in the functional space X defined by
X=LP(IxQ)x L>®IxQ)x LP(I xQ)
for p > 1. And the domain of A, denoted by D(A), is defined by
D(A) = WaP(I x Q) x L=(I x Q) x WEB(I x Q),

where if T = (0,1,), Wr"(I x Q) is defined by

WP(I x Q) = {uc WHP(I x Q) | %zOforxGI, y € 09,
%zOforsz,lI, y €N}

and W]%,’%(I x ) is defined by

WRHI % Q) = {2 € W*P(IxQ) | 2=0 for =1, y €D,

0
=0 forxel, ye o, —Z:0forx:0, y € Q}

9z
v or
and if I = (—o0,00), WaP(I x Q) is defined by

ou

WIP(I x Q) = {uc WHP(I x Q) | mzoformeL y € 09,
‘l‘im u(z,y) =0 for y € Q}

and WJ%,’%(I x Q) is equal to WaP(I x Q). WP(I x Q) is a usual Sobolev space.
We assume that ug € D(LS), vo € C*(I x Q) and zp € D(LZ) for 0 < o« < 1 and
0 < k < 1, where L, = LeA + X\3/8z and L, = A + X'9/0z. The functional spaces
D(L%) and D(L?) are called fractional spaces (see Section 2.6 of [3]). And C*(I x §2)
is the Holder space with a Holder exponent 0 < k < 1. Then we have the following
theorem for existence of a local solution.

THEOREM 2.1. Assume thatp >n+1,1/2 < a<1,0< k < 1, and 9Q €
C2. In addition, suppose that the function w has the second order Holder continuous
derivatives in x € I belonging to LP(I x Q). Then, for any (ug,vo,20) € D(L)X
C*(I x ) x D(LY), there exist T > 0 and a unique local classical solution (u,v,z)
of (2.1), (2.2), (2.3), and (2.5) if I = (0,1;), or (2.1), (2.2), (2.4), and (2.5) if
I =(—00,00) fort<T.

We can show Theorem 2.1 by a standard argument. So we omit the details. In
fact, the local solution obtained in Theorem 2.1 exists globally. To prove it, we need
to obtain a priori estimate. We shall prove that u,v and w are bounded from above.

LEMMA 2.2. Let (u,v,z) be a solution given in Theorem 2.1 and set w = z + w.
Then there exists a constant R > 0, depending on initial values ug, vy and wg, such
that for any (xz,y) € I xQ, t >0,

0<u<R, 0Z<v<R, 0<w<R.

Proof. We first have

0 <v < voll e (1x0), 0 < w < max{||wol| oo (1x 0y, Wry wi }
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because ¥ = |[vg| e (1x0) and @ = max{||lwol| £ (rx0), wr,w;} are super-solutions of
v and w respectively. From the first equation of (2.1), we have

% = LeAu + )\% + vk(u)vw — au™ < LeAu + )\% + yowk(u) — au™.

Here we set 4 = max{||ug||L=(rxq),sup{u > 0 | yowk(u) — au™ > 0}}. Note that
% < 0o because of k(u) < 1. Then we readily see that @ is a super-solution of u, so
that we obtain 0 < u < . Thus the proof is completed. O

;From the above lemma, the following theorem holds.

THEOREM 2.3. Let (u,v,z) be a solution given in Theorem 2.1. Then (u,v,z)
exists globally.

Proof. In order to prove this theorem, we shall obtain [julla = [ullzr(rx0)
HILgullLr(rxo) and |zlla = ||2llze(rx) +ILS2|lLr(rx0) exist for all ¢ > 0. First
of all, we obtain the estimate of ||u[|z»(;xq). Here let T,(t) be an analytic semigroup
generated by L,. Then there exist some constants C; > 0 and § € R such that
|1 T.(t)| < Creft. Using T,(t) and (2.6), we have

t
ull o (rx0y < Cre?[luollLo(rxa) + C/ 7 |ul| Lo (rxay ds,
0

where C' > 0 is a constant. Here note that k(u)/u is bounded from above for u > 0.
From Gronwall’s inequality, it follows that

[l (rxa) < Cle(ﬁ+c)t\|uo||m(1x9)~

Next we estimate the norm ||L3ul| s (rx). Since ||[LST(t)|| < CrePt /t* holds for
t > 0 (see Theorem 6.13 in Section 2 of [3]), we obtain by using (2.6)

t
[e% (o3 C —S
IZ8ulirieny < Cre®IEualuriney + [ s fullorceyds
-«
< CrePM||Luol| po(rxo) + il eBFON,
—

Therefore ||ul|, exists globally. From a similar argument, it can also be shown that
[|2]|o exists globally. O

3. Asymptotic behavior of v and v. In this section we consider the asymp-
totic behavior of classical solutions of (RD).

THEOREM 3.1. Set I = (0,1;) and let (u,v,z) be a solution given in Theorem
2.1. For any (x,y) € I x Q, lim;_, o u(z,y,t) = 0. Moreover, there exists voo(,y) €
L>(I x Q) such that lim;—o0 v(z,y,t) = Voo (z,y) and the function v has a positive
value at any points (x,y) € I x Q where vo(x,y) > 0.

It is easy to see that there exists voo(x, y) such that v(z,y) — veo(z,y) as t — 0o
because v decreases monotonically. Therefore the remainder is to obtain the asymp-
totic behavior of u and positiveness of v .

We need lemmas to prove Theorem 3.1. As the first step of the proof of Theorem
3.1, we consider the reaction term k(u)vw and prove that it approach 0 as ¢ — co.
This implies that either u, v or w approach 0.

LEMMA 3.2. Let (u,v, z) be a solution given in Theorem 2.1 and set w = z + w.
Then, for any (z,y) € I x Q, it holds that k(u)vw — 0 as t — co.
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Proof. The statement of the lemma is equivalent to v; — 0, and we prove it. By
using v — Vo, for any € > 0 and (x,y) € I x Q, there exists 7" > 0 such that for
t>T,

[0(2,y,t) — Voo (2, )| < €.
Then we see that

U(l’,y,t + 6) — U(xvyvt)
€

< Ze,

and then
|ve(2,y,t + Oe)| < 2e
for some 0 € (0,1). Thus it follows that

lim sup |vs(x, y,t)| = limsup |ve(z, y, t + O€)| < 2e.
t—oo t—oo

Since € is any small parameter, we have lim;_, v;(x,y,t) = 0, which completes the
proof. O
Here we note that we can also show the similar result to Lemma 3.2 in the case
of I = (—00,0).
The previous lemma implies that u, v or w approach 0. Now we define a constant
M, for integers k > 1 by My, = sup, k(u)/u”. Using this constant, we have k(u) <
M, u™.
LEMMA 3.3. Set I = (0,1,) and let (u,v,z) be a solution given in Theorem 2.1.
Then it holds that u — 0 as t — oo at any (z,y) € I x Q.
Proof. Set w = z 4+ w. Since k(u)vw — 0 from Lemma 3.2, there exists T > 0
such that vk(u)vw < au™/2 for any t > T and (x,y) € I x Q. Then u satisfies
up < Au—l—)\% — gum
for any t > T and (z,y) € I x Q. Now we use a constant R given in Lemma 2.2 and
define g = ¢(t) by a solution of
’ a

¢ =-5¢" aT)=R

The function g is explicitly written such as

R
¢(t) = {alm — DR™1(t —T)/2 + 1}1/(m-1)
R exp(—a(t —T)/2), m=1.

m > 1,

Using v < R and applying the comparison principle to u and ¢, we have u < ¢ for
t > T. Since ¢ — 0 as t — 00, u also approaches 0, which completes the proof. 0
(From the previous lemma, u does approach 0 as t — co. Now we are in position
to prove that v, > 0.
Proof. Let g = ¢(t) be a function given in the proof of Lemma 3.3. As stated
previously, we have 0 < u < ¢ for any t > T, (z,y) € I x Q. Then it follows from the
second equation of (RD) that

vy > —k(uw)wv > —M,, Rq™v,
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where R is a constant given in Lemma 2.2. By using this inequality, we obtain

t
o(z,9,) > v(z,y, Texp(— MR / g ds)
T

2M,, R 2M,, R
=v(z,y, T)exp(— (a(T) = 4(t))) 2 v(2,y, T)exp(~—"—q(T)).
(3.1
Here we have an estimate of v(z,y,T) such as
T
o T) = vl p)eap(~ [ Kwwds) = wlz,pesp(-RT),  (32)
0

because of w < R and k(u) < 1. Therefore it follows from (3.1) and (3.2) that
2M, R

v(z,y,t) = vo(x, y)ewp(—RT — q(T)),

which implies that veo(x,y) > 0 if vo(z,y) > 0. 0O

4. Nonexistence of a traveling wave solution. ;From the results of experi-
ments and simulations, we expect that there exists a traveling wave solution indepen-
dent of y-direction and moving opposite to the flow of the oxidizing gas, which is a
positive solution of (RD) and can be written such as

u(z,t) =U(x —ct), v(z,t)=V(x—ct), wzt)=W(x-—ct),

where ¢ > 0 is a wave speed. Here we set z =  — c¢t. Then our equations satisfied by
(U, V,W) have the forms

—cU' =LeU" +\U +vk(U)VW —aU™,
—V' = —k(U)VW, (4.1)
—eW' =W+ NW —kU)VW,

where the prime ’ is d/dz, and boundary conditions are
U(xx) =0, V(+0)=V,>0, W(+oo)=W, >0, W(—o00)=W(<W,).

In this paper, we consider the conditions of the parameters as there does not exist a
traveling wave solution, although we would like to prove the existence of a traveling
wave solution (U, V, W, ¢). Recalling the constant M,,, defined before Lemma 3.3.

LEmMA 4.1. If a > vM,,,V,W,., there does not exist a traveling wave solution.

Proof. We first prove that V <V, and W < W, whenever a traveling wave solu-
tion (U, V, W, c) exists. From the second equation of (4.1), V increases monotonically
and satisfies V' < V.. Next we suppose that W > W, holds. Then W must have
the maximum at some point. Hence it follows from the third equation of (4.1) and
W =0 that

W' =k(U)VW >0

at the point, which is a contradiction. Therefore we have W < W,..

Next assume that there exists a traveling wave solution (U,V,W,¢) for a >
YM,,, V. W,.. From the boundary condition, the function U must have the maximum
at some point. Then we have from the first equation of (4.1) and U’ = 0,

LeU" = aU™ —vk(U)VW > U™(a — yM,,V,W,) > 0,
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which is a contradiction. O

We showed in the previous lemma that no traveling wave solutions exist if a >
YM, V., W,.. In addition, if a > vM,,V,.W,., we have the asymptotic behavior of the
function u of a solution of (RD) as t — oo.

LEMMA 4.2. Let (u,v,w) be a solution given in Theorem 2.1 with the ini-
tial conditions (ug,vo,wo) satisfying vo < V. and wy < W,.. If a > yM,,V,W,,
llull Lo (rx) — 0 as t — oo.

This result implies that flame front does not keep spreading with high temperature
if heat radiation is too strong.

Proof. From the assumption, we have from the first equation of (RD)

ou

w < LeAu + )\8— (a — yM,,V, W, )u™.
T

Let ¢ = ¢(t) be a solution of

’

q = —(a—yM,V:W,)¢"™, q(0) =R,

where R is a constant given in Lemma 2.2. Then it holds that v < ¢ and ¢ — 0 as
t — 0o. This completes the proof. O

Next we show that there does not exist traveling wave solutions if X is large.

LEMMA 4.3. Set m = 1. Then there ezists a constant ¢* independent of Le, \
such that (4.1) possesses no traveling wave solutions with the wave speed ¢ satisfying
¢>VILec* — \.

(From this lemma, we can state that the wave speed of traveling wave solutions
must satisfy ¢ < v/Lec* — \ if exists. This is the upper bound of the wave speed.

Proof. From Lemma 4.1, we can assume a < vM;V, W, without loss of generality.
Here we set f(U) = vk(U)V, W, — aU. Then f(U) has zeros at U = 0,U;,Us for
0 < Uy < Uz. Moreover it holds that f(U) < 0 for 0 < U < U; and f(U) > 0
for U3 < U < Us, which implies that f(U) is a nonlinear term of a bistable type.
Therefore there exists a traveling wave solution @ = Q(2) with the wave speed c¢*
independent of Le, A such that

~VLec*Q = LeQ" + f(Q), Q(—00) =Us, Q(+00) =0,

where Z =  — (vVLec* — A\)t and the prime ' = d/dZ (see Theorem 4.2 of [1]). Setting
q(z,t) = Q(xz — (V' Lec* — M\)t), we know that ¢ satisfies

dq 0%q dq
— = Le— — .
ot = oz e IO
Now we assume that there exists a traveling wave solution (U, V, W) with the
wave speed ¢ > v Lec* — A\. We have obtained V < V. and W < W,. in Lemma 4.1.
Then u(z,t) = U(x — ct) satisfies

ou 0%u ou

— < Le— + A—

ot = a2 + ox +fw)
and u < Us for —oco < < oo. Then we can show that ¢(z,t) is a super solution
of u(x,t). To prove it, it should be shown that w decays faster as © — oo than
g. Indeed, this is true because u decays as x — oo at the rate exp(uix), where

wm ={—-A+c¢c)—/(A+c)2+4aLle}/2Le, and g does at the rate exp(uz2), where



Mathematical treatment of smoldering combustion under micro-gravity 97

po = {—VLec* — \/Le(c*)? + 4aLe}/2Le. Hence for some h € R, we have u(z,t) <
q(z—h,t) for any —co < z < oo and t > 0, that is, U(z—ct) < Q(z—h—(v/Lec* —\)t).
However, since ¢ > v/Lec* — \, U must reach @ at some point in a finite time, which
is a contradict. O
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