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Plan of the lectures
I. Geometry of hypersurfaces
e Differential operators on a hypersurface I
(gradient, divergence, Laplace-Beltrami operator on I')
e Weingarten map and principal curvatures of I'

e Gauss-Green formula on I
I1. Applications

e Signed distance function and level set functions
e Hanzawa transform
e General curvilinear coordinates

e Generalized Frenet’s formula
ITII. Moving hypersurfaces

e Normal velocity of I'(t)
e Normal time derivative

e Signed distance function for moving hypersurfaces
IV. Variational formulas

e Transport identities
e Variation of geometic quantities
e Gauss-Bonnet formula

e Moving boundary problems
(mean curvature flow, Gauss curvature flow, Hele-Shaw flow, Wilmore flow)



1 Geometry of hypersurfaces

1.1 Curvature of plane curves

We start from plane curves. Let I' be a C%-class curve in R? parametrized by a length parameter
s € Z, where 7 is an interval:

L= {7(s) = (n(s),72(5)" €R* s €I}, ~veC*T,R?), [(s)|=1.
The tangential and normal unit vectors are given by
T(s) =(s),  w(s) = (=2(s),71(s))"-
Exercise 1.1.1. Prove that 7'(s) || v(s) and V'(s) || 7(s).

The signed curvature x(s) is defined by the formulas

These are known as the Frenet formula for plane curves. Please be careful of the sign convention
of v and k.

Example 1.1.2.

I'={z cR? |x| =1}, Y(s) = (7“ cos (;) , rsin (;))T (0 <s<2mr),
S ) I T S

F(s) = <—%cos (2). - %sin (;))T - %u(s), (s) = %

Exercise 1.1.3. For I' given by a graph n = u(€¢) (¢ € Iy C R) in &-n plane with u € C*(I4)
and dg > 0, prove that
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Exercise 1.1.4. For T = {¢(&) = (p1(£), p2(£))T € R?; € € Ty C R} with p € C*(Z) and
g—‘g > 0, prove that
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1.2 Principal curvatures of hypersurfaces

R =

Let m € N and m > 2. We consider an oriented C?-class hypersurface I in R™, i.e., there is a
vector field v € C1(I',R™) such that

v@)|=1 v@eT ()" (zel),

where
Te(T) :={y € R™; y-v(x) =0} CR™,

denotes the tangent space of I' at @ and v represents the unit normal vector field on TI'.



For a point on I'; without loss of generality we assume that it is the origin 0 € I' C R™, we
choose a suitable orthogonal coordinate (£1,&2, -+ ,&m—1,7)" of R™ such that the tangent space
and the unit normal vector at 0 € I' are given by

'Rﬂj:{(é)eWﬁgzﬁhm,%lfeRWJ} v(0) = (0,-,0,1)" € R™.

In a neighborhood of the origin, I is locally expressed by a graph n = u(§) (§ € O’ c R™™1),
where

u€eC*0), Veu(0)=0¢eR™
We denote by Vgu the Hessian matrix of u(§)

d%u

viu© = (566

©) € RGV*tn),
ij=1, m—1

Definition 1.2.1 (principal curvatures, principal directions). Let the eigenvalues and the

eigenvectors of the symmetric matriz Vgu(O) € REZ};”X(W” be denoted by (k;, ;) € R x Rm~1
(i=1,---,m—1), where €] = (ei1,"* ,€jm—1))", with
Vgu(O)eg = K€}, e;-e; = 0.

Then k; (i = 1,---,m — 1) are called the principal curvatures of T at (€,n) = 0 € T, and
e; € To(I') C R™ defined by e; := (i1, - ,€jm-1),0)" is called the principal direction with
respect to K.

We define k== 3. " ki, and we call & the mean curvature in stead of k/(m — 1) in this
lecture. We also define the Gaussian curvature by kg := Hﬁ;lﬁi.

Proposition 1.2.2. For T = (11, -+ ,Tm-1,0)" € To(I') with |7| = 1, we define a plane curve
in T-1 plane with a coordinate (a,1)" € R? by

T, = {(o,u(ocr’))" € R% s €T},

where 7' = (11, -+ ,Tm—1)" € R™~L. Then the curvature of Ty at (o,m) = (0,0) is given by
m—1
ke = ()" (Vgu(O)) T = Z Rl T - e
i=1

In particular, ke; = k; holds.
The following lemma will be used in proving Theorem 1.3.6.

Lemma 1.2.3. Under the condition of Proposition 1.2.2, we define

x(0) =01 +u(oT)r(0) €T

Uﬂ:_(v@?f)'

Then we have




1.3 Differential operators on I
We suppose that O is an open set of R™ such that I' C O C R™.
Lemma 1.3.1. If f € CY(O) and f|r =0, then V f(x) € T(T)*.

Proof. We assume that I is locally parametrized as * = ¢(€) € I' € R™ by £ € R™L.

Since T, (I') = (g%(ﬁ), e 82204 (&)) for & = p(§), the assertion follows from

0 r Op
= 5 (el€) = (Vi(@)" 5

0

(5) (i:1,---,m—1).

Definition 1.3.2 (Gradient on I'). For f € C(I"), we define
Vrf(z) =l Vf(z) (xel),

where Il == (I — v(x)v(z)") is the orthogonal projection from R™ to Ty(T'), and fe
CY(O) is arbitarary C'-extension of f to an open neighborhood of I' with flr = f. From
Lemma 1.3.1, V1 f does not depend on the choice of f.

Definition 1.3.3 (Divergence on I'). For h € C'(I',R™), we define divph := trVrh".
Proposition 1.3.4. For h € C'(O,R™), we have divph = divh — v™(VTh)v on T .

Definition 1.3.5 (Laplace-Beltrami operator). For f € C*(T'), we define Arf :=
diVFva.

Theorem 1.3.6. We define W € C°(T', R™™) by
W(x):=-Viv(z) xel.
Then, W (x) is symmetric and

W(m)ei:/{iei (Z:]_,,m—l)

W(x)v(x) =0
holds, where k; and e; are the pricipal curvatures and the corresponding principal direc-
tions at © € I' with e; - e; = d;;.
Proof. We fix € I'. The equality W (zx)v(x) = 0 is clear from the definition of W. For
each principal direction e;, there exists y € C*((—a, a);T') such that y(0) = z, y'(0) = e;,
lY'(s)] =1, y(s) —x € (v(x), e;). Then we have

d

—g[u(y(s))]\szo. (1.3.1)

R;€; =
Hence we have
Ri€; = — (V%V(y(()))) y’(O) = W(w)ei-

Since the eigenvectors of matrix W (x) consists of the orthonormal basis {ey, -+ , e,_1,v(x)},
it follows that the matrix W («) is symmetric. OJ



Exercise 1.3.7. Prove (1.3.1).

Definition 1.3.8 (Weingarten map). We consider the linear map correspinding to the
matriz W (x)
W(x) : R — To(I)CR"

w

3
1e

p ki(p-e;)e;
1

1

which does not depend on the choice of the orthogonal coordinate system. We call it the
extended Weingarten map at © € T. If we restrict the map W (x) to the tangent space
To(T), this is usually called the Weingarten map or the second fundamental tensor.

The following corollary is clear from the fact that {ki(x), -, Km_1(x),0} are the
eigenvalues of W (x).

Corollary 1.3.9.
k(x) =tr W(x) = —divrv(z) (zel),

rg(x) =det (W(x)+rv(x)v(x)') (xel).

Proposition 1.3.10. If an extension v of v satisfies
veC(OR™), |p(z)=1 (x€0), vlr=v,
then k = —dive holds on I'.
Proof. We fix x € T'. For p € R, if |p| << 1, then
(@ — pr(@) = 1.
Differentiating this equality by p at p = 0, we obtain

0= Ll —pl@)f| =2l (Vi) (v(e) = (@) (Vo) via)

p=0
Hence, from Proposition 1.3.4, we have

dive =divpp —v"' (VD) v =diviv = -k on T

Exercise 1.3.11. If T is given by a graph n = u(§) with v € C*(R™ 1), prove that

= —div Veu(®) or x= 3
He = 5( 1+|vgu<s>|2> 2= (Lfe )




Lemma 1.3.12. For f € CY(T') and h € C*(T',R™), we have

divp(fh) = fdivch+Vrf-h on T.
Exercise 1.3.13. Prove Lemma 1.5.12.

Theorem 1.3.14 (Laplacian in curvilinear coordinate). For f € C%(O), we have

_ of  *f
Af—AFf—K,a—V—i—W on F

In particular, if T'(r) := {& € R™; |x| = r}, then we have the following Laplacian in the
polar coordinate

m—10f O*f

Af(x) = Argy [+ — 5 T 52 for |x|=r1.
Proof. At a point & € I', we have
: : - . 0 0?
Af = dv(V) = dive(Vf) + 1 (V2w = divy (Vrf " ua—j) + 2
_ N of\ | *f _ of  0*f
= Apf+ (leF’/)a—V +v Vr (3_1/) + E Arf + lia— + 902

Theorem 1.3.15 (Gauss-Green formula on I'). Let h € C*(I',R™) and f € C}(I').
We assume that supp(hf) is compact. 1 Then we have

/h VpfdH™ = — /(divrh + kv - h) fdH™ "
r r
A proof of this theorem will be given in the next section.

Corollary 1.3.16. For f, g € C}(T') with compact supp(fg), we have

/vpf Vg dH™ L = —/f Arg dH™ .
T T

f T is compact, this condition is always satisfied.



