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Introduction
Navier equations :

- > Oilo(w));;

1<5<3

fli (i=1,2,3) InQ,

u = g onlp,

oluyn = honlxy. n
'
(2 C R?: bounded polyhedral domain,
FD, FN C 5’&2, D
I'p: closed, I'p UT'y = 0.

stress tensor: [0 (u)]i; = A <pesle(u)]rr)dis + 2ule(u)];;
Lamé constants: A > 0, u > 0
1

strain rate tensor:  [e(u)];; = 2(5’i[u]j + 0;ul;)
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Weak formulation of the Navier equations

bilinear form and functional

a(u,v; ) —2,u/
Ql<z]<3

Z(U;Q):/f-vd$+/ h-vds
0 Iy

subset and subspace:

jle()]i d$—|—)\/diVudindx,
0

Vig) :={ve H(Q)?; v|r, =g}, V :=V(0).

weak formulation:
Find u € V(g) such that

a(u,v) = l(v) VveV

discritization of the weak formulation — FEM

. —Pp.4/3



Coercivity

a(-, -)Iis coercive onV .
Ja >0 Vo eV a(v,v) > af|v|5.
-1l : HY(Q)*-norm.

Korn’s inequality:
Je >0 Vv € Hl(Q)

/Q e, da + ([l = ol

1<s ]<3

[Duvaut-Lions 1972]
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Finite element basis (1/3)

mesh subdivision

T, ={K (l€Ap); | ] Ki =

lEAE

Ag ={1,2,..., Ng} : index set of elements
Aqg ={1,2,..., Nz} : index set of nodes

piecewise polynomial of degree p
L(Q)={veC(Q); vk ePp; KT} C H(Q)NC(Q)
P, : polynomials of degree p
base function 1, € X, ;== L£;(Q)
wﬂ(Py) = 5#” V,u, v e Ag

span|{v,.}uers] = Xn
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Finite element basis (2/3)

2-D case

e
<

mesh subdivision with triangles basis
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Finite element basis (3/3)

Ag = {7%(1),75(2),...,7%(m)} : index set of node in K.

0u(T)|xk = gpm(x) r € K, TK(Z') =u(t=1,2,...,m)

0 (z) : polynomial of degree & in K.

dim. order # of nodes polynomial

d k m
2 1 3 o + alay + 0,
2 2 6 ()+a()a: +a()w+
al" 22 + al" 22 + a!” 2125
3 1 1 ()+a()x +a()x +a§))a:3
3 2 10 ag)%—ag)w +ag)w2+aé)az3+
ai)w%%—a()%%—a()x%%—
a( ):ztla:g -+ a( )wgwg -+ aé )£173$1
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P1 element and P2 element

P1 element: {node} = {vertex}
1 1

2

P2 element : {node} = {vertex} U {middle point of edge}
1
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Vector-valued basis

vector-valued finite element space: Y}, := £ (2)*
Pa :waoeal (&:3a0+&17 87 EAGaal < {17273} )
ey, €9, e3 . 3-D normal basis
| a(Pa) g = dap (B =300+ 1)
Index of vector-valued finite element space

Ay ={a; a=3ag+ aj,ay € Ag,aq € {1,2,3}}

NY = #AY — 3NG
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Element-node table

T (2), T(3)}

Index of node

{1 (1),

Index of element

NN MMM




Dirichlet boundary and Neumann boundary

19

14

10

4 5
Ao D Ap = {1,2,3,4,5,
10, 14,17, 19}
ND — #AD

iIdx of elmt idx of nd
1 1 6
2 6 11
3 11 15
4 15 18
5 18 19
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FEM programming
iInput data
coordinates of nodes : {Pu(azg“), azg“ >, ﬂfém)}ueAG
element-node table : {I, {7"¢(1), 75:(2), 75:(3), 751(4) } }ien,
node for boundary conditions : Ap, ...

4

program code
generation of stiffness matrix
generation of load vector

4

linear / nonlinear solver

4

output data

visualization
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Finite element equation (1/2)

bilinear form and functional

a(u,v; §2) —2,u/ Z 7/jdw—l—)\/leudIVvdw
Q

1<2,9<3

Z(U;Q):/f-vd$+/ h-vds
0 Iy

affine space and subspace:

Vh(g) — {Uh - Yh, Uh(Pa) — g(Pa) Va € AD}
Vi, = Vh(O) = {Uh cYy; Uh(Pa) =0 Va € AD}

finite element equation:
Find u, € V,(g) such that

a(up,vy) = l(vy) Yo, € Vy
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Finite element equation (2/2)
{ug}sen, : data on nodes
{SOB}BGAY : basis
Y o up = Z ugps
BeEAy

Find {ug}gea,, sSuch that

> alp pa)ug =) Va €Ay \ Ap

BeAy
ug=g(Ps) (B €Ap)

linear equation with  (/Ny — Np) unknowns :
Find {us}sea,\a, SUCh that

Y ales pa)ug =Uwa)— Y alps va)gs Vo€ Ay\Ap
BeEAY\Ap BEAD
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Global stiffness matrix from local element-stiffness matr ices

stiffness matrix A (Ny X Ny)
Aaﬁza(gpﬁagpa;g) Oé,ﬁEAY

CL(QDO“SDB; Q) — Z a’(@ﬁ?@(l; Kl)

leAg

Index of nodes a, 3 € Ny, a = 3ag + o,

B =30 + bi.
Pao,Pﬁo - Kl

0

index of nodes in an element «y, 6y € {1,2,3,4}

element-stifiness matrix (12 x 12)

(9P, o'V Ky
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P1 element in 3D

K; : tetrahedral element

15

()

(4)

()

Ly yLg , I3

v0(@) = o’

+a

linear equation:

(4)

—_ = =

(2)

@xl +a

(4)
2

{1,2,3,4} : index of nodes in K,
)}ic103.4 1 VErtex

To + CLi():;)ZCg . basis

V(P =6;; (1 <4, <4)

wgn wg)
:z;§2> :z;§2>
xg:s) x§3>
xgzl) xgl)
(1) ()

iao,al y Ao "y Ug

determinant = vol(K;) x6.

Cramer’s formula
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L ocal element stiffness matrix with P1 element

9

divio @ divp® dg = a(ﬁﬁlo)afﬁo) / dr .
K K

element mass matrix (12 x 12)

(0@ @) ) = / o9 @) gy
K

. —p.18/3.



Area coordinates
P, P, P5 : vertices of triangle K
A (P P; P,) =area of triangle P P; Py,
AP P; P,
Ai(x) = Alj(
(2,7,k) = (1,2,3),(2,3,1), (3,1, 2).
Ai(x) : polynomial of degree 1 with

r = (x1,T2).

)\Z(Qfgj),ﬂfgy)) :52']', )\1—|—)\2—|—)\3 =1.
A= (1=1,2,3)
Integration on K
20K ' m)!

MNNNT Ao doy = AK
/K A BRER = B T T )]
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Numerical quadrature in 2D

sampling point );, weight w; [Stroud 1971], [Zienkiewicz 2005]
M
[ fdr~ 3 wif@)
K i=1

numerical quadrature Iin triangle

order sampling weight area coordinates
p M W; Qz
1 1 AK (34D
2 3 sAK  (L,s,s) cyclic, s =1/2,t =0
2 3 sAK  (t,s,s) cyclic, s =1/6,t=2/3
4 4 —19—6AK (%, %, %)
2AK  (t,s,s) cyclic, s=1/5,t=23/5

iIntegrand f : p-th order = p-th order quadrature rule is required;:



Numerical quadrature in 2D

numerical quadrature in triangle

order sampling weight area coordinates
p M W Qz
1 1 AK (%, %, %)
2 3 %AK (t,s,s) cyclic,s=1/2,t=0
2 3 sAK  (t,s,s)cyclic, s=1/6,t=2/3
4 4  —2ZAK

11 l)
37373
DAK  (t,s,s) cyclic, s=1/5,t=3/5
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Volume coordinates
P, P, P, P, : vertices of tetrahedra K
Vol(P P; P, P,) =volume of tetrahedra P P; P, P,

G AP P; P, P,
| @) =Rk

Ai(x) : polynomial of degree 1 with

r = (x1,T2,x3).

P2
(D) ) DY _ s _
iy x5, w5 ij At A+ A3+ A =1.

A=W (1=1,2,3,4)

Integration on K
31EN!Im!n!

NN N o day = AK
/K 1A A R e + n)]

(i,5,k,0) = (1,2,3,4),(2,3,1,4),....
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Numerical quadrature in 3D

sampling point ();, weight w; [Stroud 1971], [Zienkiewicz 2005]

M
[ fde~ 3 wis(@
K i=1

numerical quadrature in tetrahedra

order sampling weight volume coordinates
p M W; Qz
1 1 1 1
2 4 IAK (L8, 3) cyclic
s=(5—1/5)/20,t= (54 3v5)/20
4 111 1
3 S 34K (1511
SAK  (t,s,s,s) cyclic

5:1/6,t:1/2
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P2 element in 2D

P2 element and area coordinates

(M7 — 1))

Mo(22g — 1)

As(2hg — 1)
Mg
I

\ 4N



Load vector (1/2)
right-hand term of the finite element equation

l(gpa;Q):/Qf-gpader/ h-p,ds a € Ay
I'n

L*-inner product of f and
1. interpolant of f

fodn=1f = Zf(PB)SOB

using mass matrix peAy
Z fﬁ/%%'spadﬂf: Z fﬁZ/ 03+ Po dT .
pery 7Y Gehy  lehg K

2. using numerical quadrature

/wadw’ =

leEAE

IcAE i=1

/K Foondr~ SN w f(Q1) - 0u(@Q).
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Load vector (2/2)

Neumann boundary conditions

/ h-@,ds = Z
I'n

leAg

/ h-@,ds
I'vNK;

I'y N K : surface triangle,
¢, - polynomial of degree p on the surface triangle.

= quadrature for p-th order element in 2D.

. —p.25/3.



Dirichlet boundary conditions (1/2)
right-hand term of the finite element equation :

(pa) — Z a(¢g, Pa)gs (a € Ay \Ap)

BeAD

1. computation with index set of nodes for Dirichlet data:
3 € Ap and index set of test functions: a € Ay \ Ap.

2. Ny x Ny stiffness matrix (defined on the whole index of

nodes)
)

{0 Bens
95 BeAp

> alsva)is = Y ales.va)gs (@ €Ay \Ap)
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Dirichlet boundary conditions (2/2)
Calculation of left-hand term:

Y alespa)us (€ My \Ap)

BeEAV\AD
product of stiffness matrix and vector . Krylov subspace methods
(
- Up B §E Ap
UBZZ <
\ 0 [3€E/XD

Ny x Ny stiffness matrix

Z a(ps, Pa)is (@ €Ay DAy \Ap)
BeAy
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Storing sparse matrix (1/2)

stiffness/mass matrix : almost components are 0 and sparse
{# of nonzeros in the row} = {# of neighbor nodes to a node
with the index of the row}

nonzero index of column

6 /7 8 11 12

/8 9 12 13

8 9 10 13 14
10 14

o b~ W N
© o1 b~ W
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Storing sparse matrix (2/2)

A : stiffness matrix with Ns-nodes, N4 . # of nonzeros

CRS (Compressed Row Storage) / CSR (Compressed Sparse Row)
format [Barret et al. 1994],[Saad 2003]

[ [

A ?}AERNA,CAENNA,TAENNG+1

?)A[]C: = A,uu

CA[]{: =V

ralp] <k <ralp+1]

ra[l] =1, ralu + 1] < ( # of nonzeros up to p-th row)+1. s



Algorithm to generate stiffness matrix with CRS format

{Plu]}uens : work array to store neighbors of node P, .
initialization
Plul =0 (k€ Ag)
generating index set of neighbors
do [ =1,2,...,Ng
do:=1,2,...,m
doj=1,2,....,m
Plrir(i)] « Plrii@)] u {1 ()}
generating index sets c4 and r »4
rall] =1
do v=1,2,...,Np
raly +1] « ralv] + #P[v]
{calralV]],...,calralv + 1] — 1]} «— P[v]
Ng — ra[v+1]
generating the whole stiffness matrix from element stiffness matrix
valk][(a1, B1)] =0 (k=1,2,...,Na, 1 <a1,81 <3))
dol=1,2,...,N¢
doz=1,2,....,m
doj=1,2,....,m
find k (ra[t51(3)] < k < ra[ri(i) + 1]) satisfies c4[k] = 751 (4).
doay1 =1,2,3,81 =1,2,3
vlk][(c1, B1)] = w[k][(e1, B1)] + a(pBIT1) BiFen) o k)
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Algorithm to generate index set of neighbors

t ypedef struct {
I nt *idx;
I nt n;
} sparse_matri x_index;
sparse_matri x_i ndex P[ Ng];
for (neAg){
Pl u].idx=(int *)mall oc(sizeof (int)*M);
Pl p] . n=0;
}
for (leAg){
for (i€{1,2,...,m}){
n=P[ 751 (i)] . n;
for (je{1,2,...,m}){
I f (n>0 && n%\/==0)
resize(P[u].idx, +M);
findk (P[751(3)].idx[ k] < 780(5) < P[751(3)] . i dx[ k+1]);
Pl 5] i dx={P[751(3)] .i dx[0],..., P[ 75t (4)] . i dx[ K],
T8u(g), Pl 78 ()] . i dx[ k+1],..., P[7&t(3)] . idx[n] };
Pl 7EL(2)] . n++;
}
}
}
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Remarks
Procedures to generate stiffness matrix for 2D and 3D are
common.

Stiffness matrix is a large-scale sparse matrix in 3-D problem
= Krylov subspace methods are efficient to solve finite
element equations

CRS format reduces required memory
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An example of finite element mesh

nag ng nx ny

226,981 1,296,000 226,981 680,943
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