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Introduction

Navier equations :






















−
∑

1≤j≤3

∂j[σ(u)]i j = [f ]i (i = 1, 2, 3) in Ω ,

u = g on ΓD ,

σ(u)n = h on ΓN .

Γ

Γ

Ω

N

D

n

Ω ⊂ R
3: bounded polyhedral domain,

ΓD, ΓN ⊂ ∂Ω,
ΓD: closed, ΓD ∪ ΓN = ∂Ω.

stress tensor: [σ(u)]i j = λ(
∑

1≤k≤3[ǫ(u)]k k)δi j + 2µ[ǫ(u)]i j

Lamé constants: λ > 0, µ > 0

strain rate tensor: [ǫ(u)]i j =
1

2
(∂i[u]j + ∂j[u]i)
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Weak formulation of the Navier equations

bilinear form and functional

a(u, v ; Ω) = 2µ

∫

Ω

∑

1≤i,j≤3

[ǫ(u)]i j[ǫ(v)]i j dx+ λ

∫

Ω

divudivv dx,

l(v ; Ω) =

∫

Ω

f · v dx+

∫

ΓN

h · v ds

subset and subspace:

V (g) := {v ∈ H1(Ω)3 ; v|ΓD
= g}, V := V (0) .

weak formulation:
Find u ∈ V (g) such that

a(u, v) = l(v) ∀v ∈ V

discritization of the weak formulation→ FEM
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Coercivity

a( · , · ) is coercive on V .
∃α > 0 ∀v ∈ V a(v, v) ≥ α||v||21.
|| · ||1 : H1(Ω)3-norm.

Korn’s inequality:
∃c > 0 ∀v ∈ H1(Ω)3

∫

Ω

∑

1≤i,j≤3

[ǫ(v)]i j[ǫ(v)]i j dx+ ||v||30 ≥ c||v||21 .

[Duvaut-Lions 1972]
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Finite element basis (1/3)

mesh subdivision

Th := {Kl (l ∈ ΛE) ;
⋃

l∈ΛE

Kl = Ω̄}

ΛE = {1, 2, . . . , NE} : index set of elements
ΛG = {1, 2, . . . , NG} : index set of nodes

piecewise polynomial of degree p

L1
p(Ω) = {v ∈ C0(Ω̄) ; v|K ∈ Pp ; K ∈ Th} ⊂ H1(Ω) ∩ C(Ω̄)

Pp : polynomials of degree p

base function ψµ ∈ Xh := L1
k(Ω)

ψµ(Pν) = δµ ν ∀µ, ν ∈ ΛG

span[{ψµ}µ∈ΛG
] = Xh
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Finite element basis (2/3)

2-D case
1

mesh subdivision with triangles basis
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Finite element basis (3/3)

ΛK = {τK(1), τK(2), . . . , τK(m)} : index set of node in K.

ϕµ(x)|K = ϕ(i)(x) x ∈ K, τK(i) = µ (i = 1, 2, . . . ,m)

ϕ(i)(x) : polynomial of degree k in K.

dim. order # of nodes polynomial
d k m

2 1 3 a
(i)
0 + a

(i)
1 x1 + a

(i)
2 x2

2 2 6 a
(i)
0 + a

(i)
1 x1 + a

(i)
2 x2+

a
(i)
3 x

2
1 + a

(i)
4 x

2
2 + a

(i)
5 x1x2

3 1 4 a
(i)
0 + a

(i)
1 x1 + a

(i)
2 x2 + a

(i)
3 x3

3 2 10 a
(i)
0 + a

(i)
1 x1 + a

(i)
2 x2 + a

(i)
3 x3+

a
(i)
4 x

2
1 + a

(i)
5 x

2
2 + a

(i)
6 x

2
3+

a
(i)
7 x1x2 + a

(i)
8 x2x3 + a

(i)
9 x3x1
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P1 element and P2 element

P1 element : {node} = {vertex}
1

2
3

1

2

3

4

P2 element : {node} = {vertex} ∪ {middle point of edge}
1

3
2 4

5
6

1

2

3

45
6

7

8
10

9
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Vector-valued basis

vector-valued finite element space: Yh := L1
p(Ω)3

ϕα = ψα0eα1 (α = 3α0 + α1, α0 ∈ ΛG, α1 ∈ {1, 2, 3} )

e1, e2, e3 : 3-D normal basis

[ϕα(Pβ0) ]β1 = δα β (β = 3β0 + β1 )

index of vector-valued finite element space

ΛY = {α ; α = 3α0 + α1, α0 ∈ ΛG, α1 ∈ {1, 2, 3}}

NY := #ΛY = 3NG
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Element-node table

1 2

3 4

5 6
7 8

9 10

11 12

13 14
15

16 17

18 19

20

21
22

23

1

2
3

4 5

6
7

8
9

10

11
12

13

14

15

16
17

18
19

12

index of element index of node
l {τKl(1), τKl(2), τKl(3)}
...

...
11 7 8 12
12 8 13 12
13 8 9 13
14 9 14 13
...

...
. – p.11/34



Dirichlet boundary and Neumann boundary

1

2
3

4 5

10

14

17

19

1

6

11

15 18
19

1

2

3
4

5

ΛG ⊃ ΛD := {1, 2, 3, 4, 5,

10, 14, 17, 19}

ND := #ΛD

idx of elmt idx of nd
1 1 6
2 6 11
3 11 15
4 15 18
5 18 19
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FEM programming

input data

coordinates of nodes : {Pµ(x
(µ)
1 , x

(µ)
2 , x

(µ)
3 )}µ∈ΛG

element-node table : {l, {τKl(1), τKl(2), τKl(3), τKl(4)}}l∈ΛE

node for boundary conditions : ΛD, . . .
⇓

program code

generation of stiffness matrix
generation of load vector
⇓

linear / nonlinear solver
⇓

output data

visualization

. – p.13/34



Finite element equation (1/2)

bilinear form and functional

a(u, v ; Ω) = 2µ

∫

Ω

∑

1≤i,j≤3

[ǫ(u)]i j[ǫ(v)]i j dx+ λ

∫

Ω

divudivv dx,

l(v ; Ω) =

∫

Ω

f · v dx+

∫

ΓN

h · v ds

affine space and subspace:

Vh(g) := {vh ∈ Yh ; vh(Pα) = g(Pα) ∀α ∈ ΛD}

Vh := Vh(0) = {vh ∈ Yh ; vh(Pα) = 0 ∀α ∈ ΛD}

finite element equation:
Find uh ∈ Vh(g) such that

a(uh, vh) = l(vh) ∀vh ∈ Vh

. – p.14/34



Finite element equation (2/2)

{uβ}β∈ΛY
: data on nodes

{ϕβ}β∈ΛY
: basis

Yh ∋ uh =
∑

β∈ΛY

uβϕβ

Find {uβ}β∈ΛY
such that

∑

β∈ΛY

a(ϕβ, ϕα)uβ = l(ϕα) ∀α ∈ ΛY \ ΛD

uβ = g(Pβ) (β ∈ ΛD)

linear equation with (NY −ND) unknowns :

Find {uβ}β∈ΛY \ΛD
such that

∑

β∈ΛY \ΛD

a(ϕβ, ϕα)uβ = l(ϕα)−
∑

β∈ΛD

a(ϕβ, ϕα)gβ ∀α ∈ ΛY \ΛD
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Global stiffness matrix from local element-stiffness matr ices

stiffness matrix A (NY ×NY )

Aα β = a(ϕβ, ϕα ; Ω) α , β ∈ ΛY

a(ϕα, ϕβ ; Ω) =
∑

l∈ΛE

a(ϕβ, ϕα ; Kl)

index of nodes α, β ∈ ΛY , α = 3α0 + α1,
β = 3β0 + β1.

Pα0 , Pβ0 ∈ Kl

m

index of nodes in an element α0, β0 ∈ {1, 2, 3, 4}

element-stiffness matrix (12× 12)

a(ϕ(β), ϕ(α) ; Kl)

. – p.16/34



P1 element in 3D

Kl : tetrahedral element {1, 2, 3, 4} : index of nodes in Kl

{Pj(x
(j)
1 , x

(j)
2 , x

(j)
3 )}j=1,2,3,4 : vertex

ψ(i)(x) = a
(i)
0 + a

(i)
1 x1 + a

(i)
2 x2 + a

(i)
3 x3 : basis

ψ(i)(Pj) = δi j (1 ≤ i, j ≤ 4)

linear equation:















1 x
(1)
1 x

(1)
2 x

(1)
3

1 x
(2)
1 x

(2)
2 x

(2)
3

1 x
(3)
1 x

(3)
2 x

(3)
3

1 x
(4)
1 x

(4)
2 x

(4)
3





























a
(i)
0

a
(i)
1

a
(i)
2

a
(i)
3















=















δi 1

δi 2

δi 3

δi 4















.

⇒ a
(i)
0 , a(i)

1 , a(i)
2 , a(i)

3 Cramer’s formula

determinant = vol(Kl) ×6.
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Local element stiffness matrix with P1 element

∂

∂xk

ψ(i) = a
(i)
k (k = 1, 2, 3)

∫

Kl

divϕ(β)divϕ(α) dx = a
(β0)
β1

a(α0)
α1

∫

Kl

dx .

∫

Ω

∑

1≤i,j≤3

[ǫ(ϕ(β))]i j[ǫ(ϕ
(α))]i j dx =

1

2
(a

(α0)
β1

a(β0)
α1

+ δα β

∑

1≤i≤3

a
(α0)
i a

(β0)
i )

∫

Kl

dx .

element mass matrix (12× 12)

(ϕ(β), ϕ(α) ; Kl) =

∫

Kl

ϕ(β) · ϕ(α) dx .
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Area coordinates

P1, P2, P3 : vertices of triangle K
△(P Pj Pk) =area of triangle P Pj Pk,

P1

P2 P3

P

λ 1

λ 2λ 3

λi(x) =
△P Pj Pk

△K
(i, j, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2).
λi(x) : polynomial of degree 1 with
x = (x1, x2).

λi(x
(j)
1 , x

(j)
2 ) = δi j , λ1 + λ2 + λ3 = 1 .

λi = ϕ(i) (i = 1, 2, 3)

integration on K
∫

K

λk
1λ

l
1λ

m
2 dx1dx2 =

2! k! l!m!

(3 + k + l +m)!
△K
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Numerical quadrature in 2D

sampling point Qi, weight wi [Stroud 1971], [Zienkiewicz 2005]
∫

K

fdx ∼
M

∑

i=1

wif(Qi)

numerical quadrature in triangle

order sampling weight area coordinates

p M wi Q̂i

1 1 △K (1
3
, 1

3
, 1

3
)

2 3 1
3
△K (t, s, s) cyclic, s = 1/2, t = 0

2 3 1
3
△K (t, s, s) cyclic, s = 1/6, t = 2/3

4 4 − 9
16
△K (1

3
, 1

3
, 1

3
)

25
48
△K (t, s, s) cyclic, s = 1/5, t = 3/5

integrand f : p-th order⇒ p-th order quadrature rule is required. – p.20/34



Numerical quadrature in 2D

numerical quadrature in triangle

order sampling weight area coordinates

p M wi Q̂i

1 1 △K (1
3
, 1

3
, 1

3
)

2 3 1
3
△K (t, s, s) cyclic, s = 1/2, t = 0

2 3 1
3
△K (t, s, s) cyclic, s = 1/6, t = 2/3

4 4 − 9
16
△K (1

3
, 1

3
, 1

3
)

25
48
△K (t, s, s) cyclic, s = 1/5, t = 3/5
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Volume coordinates

P1, P2, P3, P4 : vertices of tetrahedra K
Vol(P Pj Pk Pl) =volume of tetrahedra P Pj Pk Pl,

P1

P2
P3

P P4

λi(x) =
△P Pj Pk Pl

△K
(i, j, k, l) = (1, 2, 3, 4), (2, 3, 1, 4), . . ..
λi(x) : polynomial of degree 1 with
x = (x1, x2, x3).

λi(x
(j)
1 , x

(j)
2 , x

(j)
3 ) = δi j , λ1 + λ2 + λ3 + λ4 = 1 .

λi = ϕ(i) (i = 1, 2, 3, 4)

integration on K
∫

K

λk
1λ

l
1λ

m
2 λ

n
3dx1dx2 =

3! k! l!m!n!

(3 + k + l +m+ n)!
△K
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Numerical quadrature in 3D

sampling point Qi, weight wi [Stroud 1971], [Zienkiewicz 2005]
∫

K

fdx ∼
M

∑

i=1

wif(Qi)

numerical quadrature in tetrahedra

order sampling weight volume coordinates

p M wi Q̂i

1 1 △K (1
4
, 1

4
, 1

4
, 1

4
)

2 4 1
4
△K (t, s, s, s) cyclic

s = (5−
√

5)/20, t = (5 + 3
√

5)/20

3 5 −4
5
△K (1

4
, 1

4
, 1

4
, 1

4
)

9
20
△K (t, s, s, s) cyclic

s = 1/6, t = 1/2
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P2 element in 2D

P2 element and area coordinates
1

3
2 4

5
6



























ϕ1

ϕ2

ϕ3

ϕ4

ϕ5

ϕ6



























=



























1 −1 −1

1 −1 −1

1 −1 −1

4

4

4





















































λ2
1

λ2
2

λ2
3

λ2λ3

λ3λ1

λ1λ2



























=



























λ1(2λ1 − 1)

λ2(2λ2 − 1)

λ3(2λ3 − 1)

4λ2λ3

4λ3λ1

4λ1λ2



























. – p.23/34



Load vector (1/2)

right-hand term of the finite element equation

l(ϕα ; Ω) =

∫

Ω

f · ϕα dx+

∫

ΓN

h · ϕα ds α ∈ ΛY

L2-inner product of f and ϕµ:

1. interpolant of f

f ∼ fh = Πhf =
∑

β∈ΛY

f(Pβ)ϕβ

using mass matrix

∑

β∈ΛY

fβ

∫

Ω

ϕβ · ϕα dx =
∑

β∈ΛY

fβ

∑

l∈ΛE

∫

Kl

ϕβ · ϕα dx .

2. using numerical quadrature
∫

Ω

fϕµdx =
∑

l∈ΛE

∫

Kl

f · ϕµ dx ∼
∑

l∈ΛE

M
∑

i=1

wif(Qi) · ϕµ(Qi) .
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Load vector (2/2)

Neumann boundary conditions

∫

ΓN

h · ϕα ds =
∑

l∈ΛE

∫

ΓN∩Kl

h · ϕα ds

ΓN ∩Kl : surface triangle,
ϕµ : polynomial of degree p on the surface triangle.

⇒ quadrature for p-th order element in 2D.
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Dirichlet boundary conditions (1/2)

right-hand term of the finite element equation :

l(ϕα)−
∑

β∈ΛD

a(ϕβ, ϕα)gβ (α ∈ ΛY \ ΛD )

1. computation with index set of nodes for Dirichlet data:
β ∈ ΛD and index set of test functions: α ∈ ΛY \ ΛD.

2. NY ×NY stiffness matrix (defined on the whole index of
nodes)

g̃β =







0 β /∈ ΛD

gβ β ∈ ΛD

∑

β∈ΛY

a(ϕβ, ϕα)g̃β =
∑

β∈ΛD

a(ϕβ, ϕα)gβ (α ∈ ΛY \ ΛD )
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Dirichlet boundary conditions (2/2)

Calculation of left-hand term:
∑

β∈ΛY \ΛD

a(ϕβ, ϕα)uβ (α ∈ ΛY \ ΛD )

product of stiffness matrix and vector → Krylov subspace methods

ũβ =







uβ β /∈ ΛD

0 β ∈ ΛD

NY ×NY stiffness matrix
∑

β∈ΛY

a(ϕβ, ϕα)ũβ (α ∈ ΛY ⊃ ΛY \ ΛD )
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Storing sparse matrix (1/2)

stiffness/mass matrix : almost components are 0 and sparse
{# of nonzeros in the row} = {# of neighbor nodes to a node
with the index of the row}

1

2
3

4 5

6
7

8
9

10

11
12

13

14

15

16
17

18
19

row nonzero index of column
...

...

7 2 3 6 7 8 11 12

8 3 4 7 8 9 12 13

9 4 5 8 9 10 13 14

10 5 9 10 14
...

...

. – p.28/34



Storing sparse matrix (2/2)

A : stiffness matrix with NG-nodes, NA : # of nonzeros
CRS (Compressed Row Storage) / CSR (Compressed Sparse Row)

format [Barret et al. 1994],[Saad 2003]

A vA ∈ R
NA , cA ∈ N

NA , rA ∈ N
NG+1

vA[k] = Aµ ν

cA[k] = ν

rA[µ] ≤ k < rA[µ+ 1]

rA[1] = 1, rA[µ+ 1]← ( # of nonzeros up to µ-th row)+1 . . – p.29/34



Algorithm to generate stiffness matrix with CRS format

{P[µ]}µ∈ΛG
: work array to store neighbors of node Pµ.

initialization
P[µ] = ∅ (µ ∈ ΛG)
generating index set of neighbors
do l = 1, 2, . . . , NE

do i = 1, 2, . . . , m

do j = 1, 2, . . . , m

P[τKl (i)]← P[τKl (i)] ∪ {τKl(j)}
generating index sets cA and rA

rA[1] = 1

do ν = 1, 2, . . . , Np

rA[ν + 1]← rA[ν] + #P[ν]

{cA[rA[ν]], . . . , cA[rA[ν + 1]− 1]} ← P[ν]

NA ← rA[ν + 1]

generating the whole stiffness matrix from element stiffness matrix
vA[k][(α1, β1)] = 0 (k = 1, 2, . . . , NA, 1 ≤ α1, β1 ≤ 3))
do l = 1, 2, . . . , Ne

do i = 1, 2, . . . , m

do j = 1, 2, . . . , m

find k (rA[τKl(i)] ≤ k < rA[τKl(i) + 1]) satisfies cA[k] = τKl(j).
do α1 = 1, 2, 3, β1 = 1, 2, 3

v[k][(α1, β1)]← v[k][(α1, β1)] + a(ϕ(3j+β1), ϕ(3i+α1) ; Kl)
. – p.30/34



Algorithm to generate index set of neighbors

typedef struct {

int *idx;

int n;

} sparse_matrix_index;

sparse_matrix_index P[NG];

for (µ ∈ ΛG){

P[µ].idx=(int *)malloc(sizeof(int)*M);

P[µ].n=0;

}

for (l ∈ ΛE){

for (i ∈ {1, 2, . . . , m}){
n=P[τKl (i)].n;

for (j ∈ {1, 2, . . . , m}){
if (n>0 && n%M==0)

resize(P[µ ].idx, +M);

find k ( P[τKl (i)].idx[k] < τKl(j) < P[τKl (i)].idx[k+1]);
P[τKl (i)].idx= {P[τKl (i)].idx[0],. . . , P[τKl (i)].idx[k],

τKl(j), P[τKl (i)].idx[k+1],. . . , P[τKl (i)].idx[n]};
P[τKl (i)].n++;

}

}

}
. – p.31/34



Remarks

Procedures to generate stiffness matrix for 2D and 3D are
common.

Stiffness matrix is a large-scale sparse matrix in 3-D problem
⇒ Krylov subspace methods are efficient to solve finite
element equations

CRS format reduces required memory
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An example of finite element mesh

nG nE nX nY

226,981 1,296,000 226,981 680,943
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