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Finite element equation (1/2)

bilinear form and functional:

a(u,v; §2) —2,u/ Z 7/jdw—l—)\/leudIVvdw
Q

1<2,9<3

Z(U;Q):/f-vd$+/ h-vds
0 Iy

affine space and subspace:

Vh(g) — {Uh - Yh, Uh(Pa) — g(Pa) Va € AD}
Vi, = Vh(O) = {Uh cYy; Uh(Pa) =0 Va € AD}

finite element equation:
Find u, € V,(g) such that

a(up,vy) = l(vy) Yo, € Vy
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Finite element equation (2/2)
stiffness matrix:
L4LH3::G(¢ﬁa¢a)

right-nand vector

bla =1(pa) = Y  alps.pa)gs (o €Ay \Ap)

BeEAD

(Ny — Np) x (Ny — Np) stiffness matrix: symmetric positive
definite (SPD)

Al = [Alga; (Au,u) >0 (VYu e RY™W o)

positive definiteness <« coercivity of a(-, -)
A N x N SPD matrix
b: N vector

How to find 2 € RY satisfying Az =b?
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Sparse matrix

lower triangle part of symmetric stiffness matrix

Ng = 4,692
N4 = 34,126 (nonzeros = nnz)
max of nonzeros in the row = 20.
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Direct solver : LD L' factorization (1/6)
A N x N SPD matrix

A=LDL"

L : lower triangular matrix, |L|;; =0 (i < 7), [L];; = 1,
D : diagonal matrix,

the factorization in unique.
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Direct solver : LD L' factorization (2/6)
A N x N SPD matrix

A=LDL"

L : lower triangular matrix, [L];; = 0 (i < j), [L];s = 1,
D : diagonal matrix,

A®) 1 | x k-sub matrix of A,

LF=1) ¢ RE=DxE=1) (k1) x (k — 1)-sub matrix of L,
= [l Lo - Lyt ]T € RD

L(k:—l) 0 D(kz—l) 0 L(k—l)T ]
[t 1 0 dj 1 0 1

Ak) —

L(k—l)D(k—l)L(k—l)T L(k—l)D(k—l)Z
ZTD(k—l)L(k—l)T ZTD(k—l)l i dkk
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Direct solver : LD L' factorization (3/6)

Ak) —

L&=D
o1

k1)
0

L(k—l)D(k—l)L(k—l)T

ZTD(k—l)L(k—l)T

find {lij}1§j<i§N and {dkk}lngN

| Ak k—1 |

_ L(k—l)D(k—l)

0 _L(k—l)T /
dp 1. 0 1

L(k—l)D(k—l)l
ZTD(k—l)l i dkk

k1]

ape =T DE V4 dyy,
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Direct solver : LD L' factorization (4/6)

Algorithm: LDL' factorization

dok=1,2,....N
doi=12,....k—1

i—1
lkidii = agi — Z i jdjjli s
j=1
enddo
k—1
Ak = Qg — Zlkjdkklkj
j=1

envelop method
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Direct solver : LD L' factorization (5/6)

Algorithm: LDL' factorization

dok=1,2,....N
doi=12,....k—1

1—1
Aii = Qfq — E Zij)\kj
J=1

enddo
k—1

drk = Qrk — Zlkj)\kj

g=1
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Direct solver : LD L' factorization (6/6)
To find z satisfying L D L'z = b,

Ly =15
DL =y

are solved sequentially.

A : sparse = L D L' factorization is only needed on some
nonzero components.

fill-in : components with 0 become nonzeros during
factorization

SKS (Skyline Storage) : factorization begins with the minimum
column index of nonzero in a row

ordering : technique to reduce fill-in by renumbering of nodes
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Skyline Storage (SKS) format

minimum column index of nonzero index on k-th row:
B(p) =min{r € {1,2,...,N}; [A],, #0}

vfl S RN‘(L‘S) , b€ RNG» Nzg{g) — ZlSMSNG (:u - 6[:“] + 1)
Ui[k] — A,ul/a 6[“] < v < M
Z1§V<M(V — By +1) <k < Z1§V§M(V — Blv] + L



Incomplete LD L' factorization with SKS
minimum column index of nonzero index on k-th row:
B(k) =min{p e{1,2,... ,N}; [Alx, # 0}
Algorithm:

dok=1,2,...,N
doi=0(k),...,k—1

1—1

Aki = Qk; — Z lz‘j)\kzj
j=max(B(k),B(i))
ki = Mg/ di
enddo
i—1

dpr = Qrk — Z Uk j Ak
j=max(B(k),5(i))
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An example of ordering

lower triangle part of symmetric stiffness matrix

AMD : An approximate minimum degree ordering
Ng = 4,692
Ny = 34,126 (nonzeros = nnz)

total memory for elasticity solver: 344.4M — 235.1M.
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Direct solver :

find {/;; }1<jci<nv, {usithi<j<icn, and {di i br<k<n.

In envelope method [ and « are stored with SKS format.
Stiffness matrix of finite element has symmetric pattern of

Nnonzeros.

LU factorization
for unsymmetric matrix:

AK)

LE-D
o

_L(k—l)U(k—l)T L(lc—l)u
JT [ (k=1)T

ZTU + dkk
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Development of direct solver for sparse matrix

Direct solver for fast computation
— ordering : Reverse Cuthill-McKee, Minimum degree
— factorization :
UMFPACK T. Davis, 1997
SuperLU  X. LI, 1999
PARDISO O. Schenk, 2000 e Intel compiler

— parallelization for SMP : SuperLU, PARDISO

large scale problem — Krylov subspace methods
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Iterative solver : CG method (1/3)

Tg — T1 — Ty — -+ — T, — --- (Iteratively)

Krylov subspace
K,(A, r):=spanr,Ar,A%r,... A" 7]

dimK, (A, r) < N, depends on r € R¥.
M =min{n; K,(A, r) = K,11(A, r)}
Ki(A,r) C Ky(A,r)C - CKy(A,r) = Ky (A, r) = - -

ro € RY : initial guess, 1y = b — A x, : initial residual
CG method finds u,, € K, (A, rq) satisfying

(A(xo+upn),y) = (byy)  Vye Ky(Ar).

A . SPD = unique solution exists in each Krylov subspace
K,(A,r9) (1 <n < M).
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Iterative solver : CG method (2/3)
Algorithm : CG method

ro € RY
ro:=b— Azxg,
Do = To,
don =0,1,...,until||r,||/||ro|| <e
= (Tny Tn) [/ (ADn, Pn)
Tntl = Ty + OpPn
Fn41 i=Tn — QnApy
Br = (Tnt1s Tng1)/(Tns Tn) s

DPn41 = Tng1 T 6npn -

e > 0 : stopping criteria
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Iterative solver : CG method (3/3)

L . 1
CG minimizes the functional J(u) = §(A u, u) — (b, u) on
Kn(A, TO) —+ X0-
the minimizer x,, € K,(A,rg) + xo:

J(z,) < J(y) Vy € K,(A,rg) + xg.
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Iterative solver : preconditioned CG method (1/3)

QQ:N x NSPD, AQ ~ I, QA ~ 1
Krylov subspace

K,.(QA, Qr) :=span|[Qr, (QA) Qr, (QA)*Qr, ..., (QA) "' Qr]

ro € RY : initial guess, 1y = b — A x, : initial residual
Preconditioned CG method finds u,, € K, (QA, Qry) satisfying

(A (2o + un),y) = (b,y) Vy € Kn(QA, Qro)

A, () . SPD = unique solution exists in each Krylov subspace
K,(QA, Qro) (1 < n < M).
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Iterative solver : preconditioned CG method (2/3)

Algorithm : p-CG method

To € RN,

ro:=b— Azxg,

po = Qro,

don =0,1,...,until||r,||/||ro|| <e
n = (QTn, 1)/ (APn, Pn)
Tpa1l = Tp + QApPn ,
P4l i= Tn — QpApy,
Bn = (Qrni1, 1)/ (Qrns Tn)
Pr+1 = Qrng1 + Bnbn -

@ : incomplete L D L' factorization ignoring fill-in.
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Iterative solver : preconditioned CG method (3/3)

Lemma:

for 1 <1< Ni(QA, Qro)

(@) (r;,2) =0 Vze K(QA,Qry),

(b) (Ap;,2) =0 Vz e K(QA,Qry),

(C) span[Qro, Qri, ..., Qrz] =span[po,p1, ---,pz] :Kz+1(QA, QTO) -

proof < induction.
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Incomplete LD L' factorization

nonzero column index on k-th row:
I(k)={pe{l,2,...,N}; [Alx, #0}
Algorithm: incomplete LD L factorization

dok=1,2,....N

do: € I(k)
Aki = Qj — Z lz’j>\kj
jeI(i)NI(k)
li = )\ki/dii
enddo

ek = arp — Y lujdn

Jjel(k)
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Arnoldi method (1/2)

A N x N matrix (general non-singular)
Arnoldi method + finding minimizer on Krylov subspaces
Algorithm : Arnoldi method

generating orthonormal basis : {v;} in K, (A, v;) by
Gram-Schmidt method.
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Arnoldi method (2/2)

(Hinlij := hij ]
[_{m — o, c R (m+1)xm
0---0 hm—i—lm
Vm = [1}1, Vo, . .. ,Um] , Vm_|_1 = [1}1, Voy ..., Um, Um_|_1] .
V. Vi = Iy,

AV, =V _H, + wmefl = Vm+1Hm,

V) 1AV, = H,.

(v1,70)

(”02, To) 0

Vian=| U =] [ =8 (3=l

(Um—|—17 TO) 0
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GMRES (General Minimum Residual) method

To — b — AQZ’O
Find u € Km(A, 7“0)

|A(u 4+ xg) — b|| < |[|A(v+ x9) = b|]| Yv e K,,(A,rg).
u=Vyy,y € R™.

J(y) = [|AViy — rol|

= Vfrz;—i—l(Avmy — 1)

= (V£+1Avm)y v, +17"0)H

= [Hny — Besll. (B =Irol])

Find y € R™
Jy) < J(z) VzeR™.
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Full Orthogonalization Method (FOM)
To — b — AQZ’O
Find u € Km(A, 7“0)

(A(u+ x9) —b,v) = (Au —19,v) =0 Yv € K,,(A,rg).
u=Vyay,v="Vy,z, (y,z€R™).
0= (Au—rg,v)
= (AV,y — 10, Vin2)
(VTAme VTT(), )
( mY — 6617 )
Find y € R™ s.t. H,,y = Be; .

Remark
A : coercive ((Av,v) >0 Yo #0) = 3H_*, otherwise = ?
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GMRES method (minimization problem)

Givens rotation matrices §2; € R(m+1)x(m+1)
[i—l

C; S;
(), = , Cl 1= hig , S = fio 1 :

Z —s; ¢ VT Vi 1 +h3

i [m—i_
Q= Q-+ E R(m+1)x(m+1)
R,, := Q.. H,,: upper triangular,

Gm = Q_m(ﬁel) — [% Y2 oo 7m+1]T’ ) )

D Rm _ gm

Ry, = (Rm < Rme), Im = (gm < Rm)-
00 Tm+1

min||Ber — Hpy|| = Min[|gm — Ryl = oss] = |15 5,08

Yym = R1g,, attains the minimum.

Remark : 3R ! (1 < m < M) for all non-singular matrix A.
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FOM (implementation)

FOM method using Givens rotation matrices
Q-1 = Qm1Qmo - € RT™,
R = Qm_1H,,: upper triangular,

Gm = Qm-1(8e1) = g1 =[m 72 - Y]
Hpy = bey

& Qm-1Hny = Qm-10€1
& R mY = Gm -

H,, :regular & [Rylex #0(1 <k <m) =y =R
Relation between GMRES and FOM in case of HyFOM

IOSnMRES — Hb AlEGMRESH — |fym—|—1‘ pSzl\/IRES |Sm‘pGMRES
= |10 = Az, M| = [lro — AVay Il = honrm] (€ms 93,71,
P = g 1m| 7 h(m) | = l;(ﬂ)m Y| = Iiz:pSnMRES |Cin|pSzMRES'

Remark : xCMERS — ;,GMERS (stagnation) < H,, is singular.
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Treatment of essential boundary conditions (1/3)

solution of homogeneous Dirichlet problem:

Up = Y gen, [@ops € Vi & Gi=0.

matrix for the constraint: G € R¥2*N G* = [{€3}5en,, | -
V.={@eR"; Gi=0}

homogeneous Dirichlet problem:

Find @ € V such that (A%, 0) = (f,0) Yo e V.

an alternative to solver with re-indexing unknowns:
Lagrange multiplier X € RVp:

A GT| |u f
G ol X 0|

matrix size is enlarged to (N + Np) x (N + Np).
A G*

IS regular. — factorization with pivoting.
G 0
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Treatment of essential boundary conditions (2/3)

solution of homogeneous Dirichlet problem:

Up = Y gen, [@ops € Vi & Gi=0.

matrix for the constraint: G € R¥2*N G* = [{€3}5en,, | -
V.={@eR"; Gi=0}

homogeneous Dirichlet problem:

Find @ € V such that (A%, 0) = (f,0) Yo e V.

orthogonal projection: P : RY — V/,
P = 1 — ZBGAD (4, €3)€p -
homogeneous Dirichlet problem:
Find @ € V such that PAPT# = Pf.

precoditioned CG for the linear system with matrix PAP.
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Treatment of essential boundary conditions (3/3)

solution of inhomogeneous Dirichlet problem:

Up = ZBEAY [ﬁ]ggpﬁ © Vh(g) & Gu = g
Inhomogeneous Dirichlet problem:

Find @ € V(g) such that (A, ) = (f,7) Yo e V.

Lagrange multiplier X € RV>:
A GY
G 0

f
- g)_

orthogonal projection: P : RN — V,
Find @, € V such that
PAP(iy+1,) = Pf < PAPi, = Pf— PAPi,,

where i, satisfying Gi, = 7, (€.9.,[i,]s =0 (8¢ Ap))
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A preconditioned CG method: practical implementation

A, Q : symmetric, positive on R(A) = R(Q). P: RY — R(A).
Algorithm (p-CG with orthogonal projection):

rg € R(A),

ro = P(b— Axg),

po = (o,
don=0,1,...,untl ||r,|]| <e¢

Q= (Qrn,70) [ (AP, Pn)
Tnt1 = P(Ty + anpn)

g1 = P(r, — o Apy) ,

Br = (Qrns1, Tng1)/(Qrn, Tn)

Pn+1 -— P(QT'nnLl + 5npn> ;
enddo.

Q) = Pﬂ—lP, A: an incomplete LD L factorization.
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