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Architecture of parallel computers (1/4)

shared memory type:
QCPUO QCPUl
l ‘ l ‘ OpenMP

menory

distributed memory type:
CPUO CPUL

< >

|

nenory0 nenoryl
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Architecture of parallel computers (2/4)

memory access on shared memory type:
CPUO CPU1 QCPUO CPU1

nmenory nmenory

2 CPUs can not write to same address simultaneously.
memory access on distributed memory type:

O=—"

net wor k T message passing

IS required.

nmenor y0 nenoryl
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Architecture of parallel computers (3/4)

limitation on memory access on shared memory type:

QCPUO CPUL

control writing
to memory from CPU by
semaphore or barrier

menory

QCPUO QCPUl

menory
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Architecture of parallel computers (4/4)

Shared memory with OpenMP Is better programming model.
e OpenMP is originally designed for loop parallelization
(fine grain parallelization)

e Coarse grain parallelization is written by
paral | el region

e For large-scale parallel computer, Uniform Memory Access
(UMA) architecture is not easy to develop and non-Uniform
Memory Access (NUMA) is used.

e OpenMP has no capability to allocate memory in the way of
NUMA architecture.
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Parallelization of matrix-vector product (1/2)

A RN*N sparse matrix, x, b : RY vector.
linear equation Az =b
matrix-vector product <= Krylov subspace methods (CG,

GMRES,...)
W= Y [Alslel,

J€{7;[Ali ;7#0}
with CRS format:
UA[/G] == Aij, CA[/G] == j, TA[i] < k< TA[i -+ 1],

ylil == Y, wvalklzlcalk]
r Al <k<rali+1]
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Parallelization of matrix-vector product (2/2)

parallelization of loop by OpenMP:
#pragna onp parallel for private(y)
for (i =0; I <N 1++) {

wlit= > [Alijlul;;

j€dd;1Ali ;703

loop counter variable 5 depends on loop counter variable <.
= declaration of pri vat e is needed.

loop with length N is parallelized and executed by parallel
processors
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Block decomposition of matrix

non-overlapping decomposition of index set :
A:={1,2,...,N}
A=ANBANDB---BApDAsr (directsum)

Y1
Yo

YD
Yr

[qu]ij =0

All Al]—"
A22 AQ}"

App Apr

Api Aps o App Apr,

(teN,jeN), 1<p<qg<D

+« sparseness)
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Block decomposition of matrix

non-overlapping decomposition of index set :
A:={1,2,...,N}
A=ANBANDB---BApDAsr (directsum)

Y1
Yo

YD
Yr

[qu]ij =0

All
A22

Ar1 Aro

App Apr

Arp Arr

(teNy,jeN),1<p<qg<D

decomposition of index A~

Ag) = {] c Aj:; [Ap]-"]z’j # 0 Vie Ap}
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Block decomposition of matrix

U Aqq Air | | &

Y2 Ay Ay r L2

YD App Apr| |zp
\YF _A]-" 1 Ar2 - Arp Ar Fl [TF.

decomposition of index A~
Ag—)) = {] c Aj:; [Ap]-"]z’j # 0 Vie Ap}

Arr = Z1§p§D Ag)f ) L

Ay — Z App Apr Lp

1<p=D | AFp Ag)f z)
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Block matrix by non-overlapping domain decomposition

A: stiffness matrix

non-overlapping domain decomposition:

D subdomains + interface

Q1 <p< D), F:i=Uicpeqep 9 NI,
() = U1§p§D(Qp\]’—) UF.

nodes on O, \ F

nodes on (), \ F and 09, N F

FF
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Parallel computation of matrix-vector product

Step 1

allocate working array y,, yg?) .

Step 2

matrix-vector product by each processor p:
Y | App  Apr Lp
2] ar, AL o

Step 3
sum operation with index Ap:

Yr = Z yﬁg)-

1<q<D
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Parallel computation of matrix-vector product

Step 1

allocate working array y,, yx~ .

Step 2

(p)

matrix-vector product by each processor p:

Yp
(p)

_yf =

App Apr Lp
Ar, APl |2

direct sum Aj: — A]."’l D Af’Q DD A}“)D:

Step 3

sum operation by each processor p:

yrl = Z Y

1<q<D

f

(Q)],

J

jEAr,.
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Parallel computation of matrix-vector product

Step 1

allocate working array y,, y&?) .

Step 2

matrix-vector product by each processor p:
Y | App  Apr Lp
2] 4z, AL o

wait until completion of step 2. < barri er
Step 3
sum operation by each processor p:

yrli= Y WPl J€Ary.

1<q<D
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Implementation by OpenMP with orphaned directive

#1 ncl ude <onp. h>
allocate x r, yr;
onp_set _-numt hr eads( D) ;

#pragma onp paral l el default(shared) private (p)

{
p=onp_get _t hread_nunm();
allocate z,, y,, :USQ ygff) :
copy. data from zr to x(p)

Y | App Ap}" Lp |
2] ar, A o

#pragna onp barri er

yFls Zl<q<D[y.7—" i 7€ NFp;

}
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#1 ncl ude <onp. h>
allocate x ~, yr;
onp_set _-numt hr eads( D) ;

#pragma onp paral | el default(shared) private (p)

{

p=onp_get _t hread_nun() ;

allocate z,, y,, xg?f) y});

copy data from z+ to x -

Yp

W

#pragna onp barri er

Yl
}

App Apf
Afp Agg}"

Zl<q<D[y}" J;

(p)

Lp

(p)
f

] - A]:,P;

Implementation by OpenMP with orphaned directive

e first touch policy:
memory allocated In
parallel region for
NUMA architecture

e threads are not joined
nor generated.
barrier is only used.
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Parallel performance on IBM System p5/595 (1/2)

N nonzeros operations (MFLOP)
block parallel loop parallel
22,932,588 524,436,522 2,124.846 2,074.813

block parallel loop parallel
# CPU | time (sec.) MFLOPS | time (sec.) MFLOPS
1 4.27348 497.22 4.21108 492.70
2 2.11207 1,006.05 2.10430 985.99
3 1.45398 1,461.40 1.44805 1,432.83
4 1.06202 2,000.75 1.08669 1,909.29
6 0.706038 3,009.53 0.705740 2,939.92
8 0.535862 3,965.28 0.541420 3,832.20
12 0.367691 5,778.89 0.372019 5577.17
16 0.278528 7,628.83 0.283959 7,306.78
24 0.196061 10,837.67 0.191501 10,835.97
48 0.115946  18,326.17 0.111125 18,670.98

number of subdomains is fixed as D = 48.

IBM System p5/595, Power5+ @ 2.1GHz x 64, SMP
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Parallel performance on IBM System p5/595 (2/2)

T

10,000

MFLOPS

T

1,000 block parallelization  + 1
- loop parallelization X :

O(n)

1 2 3 4 6 8 1216 24 48
n=#CPU
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Implementation of inner product by OpenMP

inner product of (z, y).

#1 ncl ude <onp. h>

allocate s[ D] , o[ D] ;

onp_set _numt hr eads( D) ;

#pragma onp paral | el default(shared) private (p)

1
p=onp_get _t hread_nund() ;

s[pl =(xp, Yp) + D jen,, [@Flilyrl; -
#pragnma onp barrier

ol pl :Z1§Q§DS[Q] -

}
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Parallel implementation of CG method by OpenMP

#pragma onp paral | el default(shared) private ... {
o EEH%PJ,
#pragma onp barrier
wo = Axg,
po =10 :=b—wo,
Yo := (r0, T0) ,
don =0,1,...,untl||r.||/||ro]] < e
#pragnma onp barrier
Wn = Apn
Pn3::@Unapn)>
Tn+t1 = Tn + (Yn/Pn)Pn
Tn41 = Tn — (Yn/pn)wWn ,
Yr41 = (Tn+1s Tnt1),
Pn+1 = Tnt1 + (Yn+1/7n)Pn -

enddo

}
matrix-vector products and inner product contain barrier.
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Non-overlapping domain decomposition method

e Schur complement
- Iterative substructuring method
- balancing Neumann-Neumann proconditioner

e Lagrange multiplier
- FETI (finite element tearing and interconnecting)
- mortar method (subdomains are discretized with

different manner, e.g. different mesh sizes, different
way of discretizations)
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lterative substructuring method (1/2)

non-overlapping decompositions of domain and matrix
Q= Uicpep QP = FUU, )< p(02 N QD)
F = Usepeqen 000 1 00O,

A A |
PP RIS (p) . SPD

A — Z R )T

1<p<D Aryp Agf)f

local Schur complement matrix
SW = AP A, ATIA, 5
global Schur complement matrix
S= > RWTIHIRE) . symmetric positive definite

1<p<D

+ preconditioned CG method
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lterative substructuring method (2/2)

_{App} {Apf}_
Arpt Arr

Up} 0

{ArpAy,t Ir

A:SPD = S: SPD

by Sylvester’s law of inertia.

(A} 0

0

S

(L} {A1A, )

0

IF
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Neumann-Neumann preconditionder: (1/2)

— - T -

A A W
Ker | ~"” g;;r — span{ (2:) ]
_Af P A]—"]—‘_ L [YFp

elasticity problem — rigid body movements

Kers® = span[w ]

g — Z R )T g(p) 7 (P)

1<p<D

1-level Neumann-Neumann preconditioner:
[De Roeck-Le Tallec 1991]

St~ N ROTDW ST pE)RE)

1<p<D

D) : partition of unity, >, _, RO DORE) = [
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Neumann-Neumann preconditioner: (2/2)

App Apj: Up - 0
Arp Ag@&f UF,p TF.p
App Apj: Up - 0

0 S(p) Ur p T'Fop

on span({

on span({

local Schur complement matrix

< subproblems with Neumann B.C.
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Balancing Neumann-Neumann preconditioner

subspace for coarse grid correction [Mandel 1993]
Y i={weR'; w= Z RPTDWyP) —P) ¢ Kers®1
1<p<D

Py : orthogonal projection, RY* — Y.
So = Py SPy . Schur complement matrix on the coarse
space Y.
balancing Neumann-Neumann preconditioner:

Qpny = (I —S]) ( > R(i)TD(i)S(i)TD(i)R“)> (I—SH+5].

1<i<D
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Balancing Neumann-Neumann preconditioner

subspace for coarse grid correction [Mandel 1993]
Y i={weR'; w= Z RPTDE,E) - P) ¢ KerS®L .
1<p<D

r. residual = Mpgnnr: preconditioning.

(1) Findz €Y suchthat (Sz,w)= (r,w) YweY.

2) r® .= DPIRCP(r — S x) (cImSP),

(3) Find u® ¢ ImS® such that S® P = @)

(4) u:= Zp R®T DH(®)y,(P)

(5) Findy €Y suchthat (S(u+y),w)= (r,w) Ywe Y.
(6) Mpnnr =u+y.

Remark::
(1), (5) : equation of S,: solvable «— S : SPD.

(1), (2 & (DPRP(r — Sz, vP)=0 Vo) ckerS®,
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