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https://www.youtube.com/watch?v=0uaZvVU2v_w
https://www.youtube.com/watch?v=OFWCgBosz7E
https://www.youtube.com/watch?v=yA7vD3XCz-M

ot Numericka matematika

Oberhuber

Implementace
fesict ODR
Zdrojové kody s priklady jsou na:
https://gitlab.com/oberhuber.tomas/fjfi-num-src-python.
Stahovat Ize pomoci:
1 git clone https://gitlab.com/oberhuber.tomas/fjfi-num-src-python.git
nebo tlacitkem Download.
Rozbalime pfikazem

1 tar xvf fjfi-num-src-pythonx
2 cd fjfi-num-src-pythonx
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https://gitlab.com/oberhuber.tomas/fjfi-num-src-python

Tomas
Oberhub fesi y
erhuber e feSime uUlohu typu:

Implementace

fesict ODR du r7
5 = f@am)prote (0T, (1)
ﬁ(O) = ainh (2)

kde i: (0, T) > R, f: (0, T) x R" — R" a U, € R" je okrajova
(pocatecni) podminka.
® nse Casto také oznacuje jako DOF

¢ degrees of freedom = stupné volnosti
® znamena to, kolik parametr(i pouzijeme k aproximaci feSeni tlohy v daném
Case t

e tuto Ulohu Ize fesit nékterou z Rungovych-Kuttovych metod
e pro jednoduchost nejprve zvolime Eulerovu variantu

Ky rE(t, U(t)) (3)
Ut+7) = G(t) + k (4)
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Tomas

Oberhuber Algoritmicky Ize feSiC nasi Glohy zapsat takto:

ez procedure SOLVEODE (U, f, tstop, T0)
t:=0
U= Ui

while t < fsp do
7 1= min{ro, tstop — t}
i := U+ update(t,d, f, 7)
t=t+r71
end while
end procedure

Algoritmus 1: Algoritmus pro feSeni ODR pomoci Rungovych-Kuttovych metod.

eni ODR
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eSeni ODR

Tomas .
Oberhber procedure UPDATE(t, 1, f, 7)

Implementace k1 = Tf(t U)
fesict ODR
return k1
end procedure
Algoritmus 2: Pfiklad implementace nejjednodussi Rungovy-Kuttovy metody.
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Tomas

Clinbey Nasim cilem bude odvodit kod, ve kterém bude snadné ménit:

Implementace e (lohu, kterou feSime
fesicu ODR -
® f, Up;

¢ pouzitou Rungovu-Kuttovu metodu
® v naSem pfipade ji reprezentuje funkce update

J0«
N<

e

eni ODR

7145



. Popis ulohy

Oberhuber

Implementace
fesict ODR

Riccatiho
rovnice

Ve zdrojovych kédech méa kazda uloha tvar:

class ODEProblem:
def _ init_ (self):

Experimentalni
fad
konvergence

Harmonicky
oscilator

def get_degrees_of_freedom(self):
Adaptivni
volba return
casového

Rt def function_f (self, t, u):

® 9 o U A W o —

Soupefici
druhy

Lorenzovy
rovnice

Epidemiologie
- SIR model

Uloha n-t&les
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. Popis ulohy
Oberhuber

Implementace
fesict ODR
Vyznam jednotlivych metod:
® def get_degrees_of freedom()
* vraci pocet stupriu volnosti dané ulohy, tj. npro d € (0, T) x R"
® def function_£f( t, u )
® napocitava pravou stranu rovnice (2)

-

e vektor U a vysledek f(t, ) jsou reprezentovany formou &isla nebo pole z

Numpy
* velikost téchto poli je vzdy rovna poctu DOF, tj. n
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Implementace 1

fesdicu ODR

o R " SR N}

Popis Rungovy-Kuttovy metody

Ve zdrojovych kédech ma kazda Rungova-Kuttova metoda tvar:

class ODESolver:

def

def

def

__init_ (self):

self.kl = None
self.k2 = None

setup (self, degrees_of_freedom) :
self.kl = np.zeros (degrees_of_freedom)
self.k2 = np.zeros (degrees_of_freedom)

solve (self, integration_time_step, stop_time, time, problem, Xx):
iteration = 0
while time < stop_time:
tau = min(integration_time_step, stop_time - time)
# Compute k1, k2, ... and update x
time += tau
iteration += 1
return time, x, True
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Popis Rungovy-Kuttovy metody

Tomas
Oberhuber

Implementace
fesicti ODR

Vyznam jednotlivych metod:
® def setup( degrees_of_freedom)
o tﬁatoﬁmetoda slouzi pro alokaci pomocnych poli, zejména pro vektory
k1 s k2 .
¢ jejich velikost opét odpovida poctu DOFU
® def solve( ... )

® napocitava feSeni u Ulohy problem od ¢asu daného hodnotou proménné
time s Casovym krokem 75 rovnému integration_time_step az do
¢asu tspp rovnému stop_time
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20

J0«
N<

Funkce pro feSeni ODR pak muze vypadat takto:

def solve_loop (
initial_time, final_time, time_step,
integration_time_step, problem, solver, x

solver.setup (problem.get_degrees_of_ freedom())
time_steps_count = math.ceil (max (0.0,
final_time - initial_time) / time_step)
time = initial_time
solution = [(time, x)] # Store the initial solution

for step in tgdm(range(l, time_steps_count + 1),
desc="Getting numerical solution"

current_stop_time = time + min(time_step, final_time - time)
time, x, success = solver.solve(

integration_time_step, current_stop_time, time, problem, x
)

if not success:

e

return False, 0.0, 0.0, 0.0 # Return error if solution fails
solution.append((time, np.array(x))) # Need to make a copy of x

return solutions

Kéd Ize najit v souboru ODE/ODE . py

eni ODR
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eSeni ODR

Tomas
Oberhuber

Implementace
fesicti ODR

VSimneme si, Ze se v kédu objevuji dva riizné ¢asové kroky:
® time_step - udava, v jakych intervalech se uklada stav feseni ulohy u(t)
® integration_time_step - udava integraCni casovy krok, ktery
odpovida parametru q v algoritmu 1
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Implementace Rungovy-Kuttovy metody prvniho fadu

Tomas

Oberhuber Implementace Eulerova ODE feSic¢e vypada takto:

Implementace 1 class Euler:

HELDERI def _ init_ (self):
3 self.kl = None
4
5 def setup(self, degrees_of_freedom) :
6 self.kl = np.zeros (degrees_of_freedom)
7
8 def solve(self, integration_time_step, stop_time, time, problem, x):
9 iteration = 0
10 while time < stop_time:
11 tau = min(integration_time_step, stop_time - time)
12 self.k = problem.function_f (time, x)
13 X += tau * self.kl
14 time += tau
15 iteration += 1
16 return time, x, True
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o Implementace Rungovy-Kuttovy metody prvniho fadu

Oberhuber

Implementace
fesicl ODR

e konstruktor __init__ (self) se vola automaticky pfi vytvoreni instance
objektu

® v naSem pfipadé se v ném deklaruje k1
* metoda setup nastavuje valikost pole k1 na po¢et DOFU
e metoda solve reprezentuje samotnou Eluerovu metodu
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Implementace Rungovy-Kuttovy metody druhého radu

Tomas
Oberhuber

Implementace
fesicl ODR

Domaci ukol
e do souboru RungeKutta.py dopiste kéd pro Rungovu-Kuttovu metodu
druhého fadu
e zdrojové kody vytisknete a odevzdejte
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o Riccatiho rovnice
Ooerhuber — Jde o rovnici tvaru:

au(t
S A0 a(t) + an(u(t) + o) (1)
Konkrétnéji napf.
d‘;g” = t7%e! 4+ u(t) + 2e 'UA(t). (5)

Regeni této rovnice je:

u(t) = [\f S tan V2 (c - t> - ;J (6)
proc < R.

Tato Uloha je implementovana v souboru ODE/Riccati.py
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Riccatiho
rovnice

AW N =

Riccatiho rovnice

class Ricatti:
def get_degrees_of_freedom(self):
return 1

® metoda getDegreesOfFreedom () vraci poCet stupnu volnosti Ulohy
e v na8em pfipadé je u: (0, T) — R', tj. DOF = 1
def function_f (self, t, u_):
u = u_[0]
fu =t »x (-4.0) * math.exp(t) + u + 2.0 * math.exp(-t) * uxx2
return np.array (fu)

e metoda function_f napocCitava pravou stranu vztahu (5), tj. vyraz

t*e! + u(t) + 26 LUA(t)
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Riccatiho rovnice

Tomas
Olbeiin def get_exact_solution(self, t, c=1):
sgrt_2 = math.sqgrt (2.0)
return math.exp (t) =* (

1.0/ (sqrt_2xt*x2)«math.tan (sqrt_2+ (c-1.0/t))-1.0/(2.0+t)

Riccatiho
rovnice

[ L =

)

* metoda get_exact_solution pocita pfesné feSeni (6), tj. vyraz

u(t) = ¢ [\f;tz tan V2 (C‘ 1) B 211‘]

e budeme ho vyuzivat k napocitani chyby nasich numerickych metod
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Riccatiho
rovnice

© o 9 R W N =

Riccatiho rovnice

def get_exact_solutions(self, initial time, final time,

) :

time_step, c=1.0

solutions = []

t = initial_time

while t < final_ time:
solutions.append((t, self.get_exact_solution(t, c)))
t = min(t + time_step, final_time)

return solutions

metoda get_exact_solutions napocitava presné reseni na intervalu
(inital _time, final _time) s krokem (rozliS§enim) t ime_step do seznamu
solutions
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Riccatiho
rovnice

Riccatiho rovnice

def plot_solution(self, exact_solutions, numerical_solutions, text):

time_values_exact, solution_values_exact = zip(xexact_solutions)
time_values_numerical, solution_values_numerical = zip(*numerical_solutions)
plt.figure (figsize=(10, 6))

plt.plot (

time_values_exact, solution_values_exact,
label=f"Exact Solution", color="r"

.plot (

time_values_numerical,
solution_values_numerical,
label=f"Numerical Solution",
color="orange",

.xlabel ("Time")

.ylabel ("Solution")

.title (f"{text} Solution of Riccati problem")
.legend ()

.grid(True)

.show ()

e metoda plot_solution nasledné vykresli numerické i presné feseni
pomoci Matplotlibu
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Riccatiho rovnice

if _ name__ == "__main__ ":
initial_time = 0.1

final_time = 0.2

time_step = 1.0e-3
integration_time_step = 1.0e-4

problem = Ricatti ()

integrator = Euler()
# integrator = RK_second_order ()
# integrator = Merson()

start_x = problem.get_exact_solution(initial_time)

numerical_solutions = solve_loop (
initial_time,
final_time,
time_step,
integration_time_step,
problem,
integrator,
[start_x],

)

if not numerical_solutions:
print ("Error: Solution failed.")
exit (1)

exact_solutions = problem.get_exact_solutions(initial_time,
final_time, time_step)

problem.plot_solution (exact_solutions, numerical_solutions,
"Exact vs Numerical")
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o Riccatiho rovnice

Oberhuber Chyby aproximace
Jsou definovany jako:

Ricc_atiho
rovnice T N
lell, or = /0 e(t]dt~ S [e(ian)| At,
i=0
T 2 N 2
lel,on = (/0 re(r)|2dt) ~<Ze(iAt)|2At> 7
i=0
e = ~ JAN
el 0,7 sup |e(t)| I.g(‘f%N|e(/ 1],

te(0,T)
kde At:= § a

e(t) .= u(t) — u-(1),

pro u oznadujici presné feSeni a u, priblizné reseni.
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Riccatiho
rovnice

O ® 9 U R W N =

Riccatiho rovnice

Vypocet chyb pak vypada takto:
max_error = 0.0

11 _error = 0.0

12_error = 0.0

last_t = 0

diff = -1
for time, x in numerical_solutions:
if diff !'= -1:
tau = time - last_t

11_error += diff % tau

12_error += diff » diff + tau

max_error = max (max_error, diff)
exact_solution = problem.get_exact_solution (time)
diff = abs(exact_solution — x[0])

print ("L1 error:", 1ll1_error)
print ("L2 error:", math.sqgrt (12_error))
print ("Max error:", max_error)
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Riccatiho rovnice

Tomas
Oberhuber
Domaci ukol
Riccatino ¢ zvolte vhodny interval, kde je mozné napocitat numericky feSeni Ricattiho
rovnice .
rovnice

® napocitejte experimentalni rad konvergence - EOC pro Euleriv a vami
implementovany Runguv-Kuttiv resi¢
¢ napiste report k numerické analyze
® fesena rovnice
interval, na kterém ji feSime
pocatecni podminka
parametry-tlohy
zvolena numerickd metoda
parametry numerické metody - integraCni ¢asovy krok,...
tabulka EOC
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Experimentalni
fad
konvergence

EOC

Definition 1

Bud' 7 > 7, u pfesné feseni ulohy, u., a u;, pfiblizna feSeni ziskana integraci
s Casovymi kroky 74 a 2. Necht e, () := u(t) — ur (t) a e, () := u(t) — u,(1).
Déle E;, = |le, E., = ||972”L*<o,r> ve vhodné normé. Pak definujeme

EOC(r1,73) = W

L.(0,T)>
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EOC

Tomas
Oberhuber

Remark 2
Experimentalni Je-li T4 /T2 = 2, UTQ = %T‘I ; pak

fad
konvergence

. log(Er /Er,)

FO) = ogr /)

Pokud E,. /E,, = 2 = EOC(r1,72) = 1.
Pokud E,, /E,, = 4 = EOC(ry,72) = 2.
Pokud E,, /E,, = 8 = EOC(71,72) = 3.
Pokud E,, /E,, = 16 = EOC(ry,72) = 4.

= |°g2(E7'1 /ETz)'

27/45



Tomas
Oberhuber

Example 3
Priklad EOC tabulky
L, (0,T) L,(0,T) [0, T)
Experimentalni N T
o rgence Err. EOC | Err. EOC | Err. | EOC
17105 51 4 19
33 | 0.25 046 |22 |opa |26 |29 |27
65| 0.125 015 | V6 |o34 092 |49 |09
129 | 0.0625 |006 |13 |06 |11 |41 |O74
257 | 0.03125 | 0.025 | 12 | 0.08 |099 |70 | 066
513 | 0.015625 | 0.012 | 109 | 0.041 | 096 | 942 | 0-77

EOC
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ot Harmonicky oscilator

Oberhuber F’{eéime ulohu:

Z fyziky vime, Ze

Harmonicky
oscilator

g.

My budeme fesit tlohu tzv. tlumeného oscilatoru v R

u(t) + etP(t)u(t) + u(t) = 0.

29/45



ot Harmonicky oscilator
Oberhuber Tuto rovnici druhého fadu pfevedeme na soustavu dvou rovnic prvniho fadu:

Uy = U, (7)
Ug = —U1—€U12U2, (8)

Harmonicky s pocate¢ni podminkou

oscilator

U |1=0= (Ut .ini, Uz jni) "

30/45



ot Harmonicky oscilator

Oberhuber

Implementace

fesicu ODR
e Resi¢ je implementovan v souboru ODE /Hyperbolic.py
ST | class HyperbolicProblem:
Lad 2 def _ _init__ (self, epsilon=1.0):
S self.epsilon = epsilon
Harmonicky 4
oscilator
, 5 def get_degrees_of_freedom(self):

Adaptivni
volba 6 return 2
casového 7
kroku

- 8 def function_f (self, time, u, fu=None) :
Soupefici
druhy 9 ul, u2 = u
ey return np.array([u2, -ul - self.epsilon » ul**2 % u2])
rovnice
Epidemiologie
- SIR model

Uloha n-t&les
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20
21

24

if name == main

n ".

problem = HyperbolicProblem()

integrator = Euler ()
# integrator = RK_second_order ()
# integrator = Merson ()

problem.epsilon = 0.0
initial_time = 0.0

final _time = 100.0

time_step = 0.1
integration_time_step = 0.1
initial_conditions = [0.0, 10.0]

numerical_solution = solve_loop (
initial_time,
final_time,
time_step,
integration_time_step,
problem,
integrator,
initial_conditions,

)

problem.plot_solution (numerical_solution)

Harmonicky oscilator
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Harmonicky oscilator

Tomas
Oberhuber

Harmonicky Example 4
oscilator . . . v . . . , o,
Zmen8uijte intergacni krok pro simulaci harmonického oscilatoru.
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Adaptivni
volba
casového
kroku

Mersonova-Rungova-Kuttova metoda

procedure MERSONRUNGEKUTTA(G, £, tstap, 7o)

t:=0
U= Ujnj
T =170

while { < tg,, do
T = min{r, tstop — t}

EZ ?(t-f— 37, U+ 3k1)
E3 ?(t-’rs’l' U+ 6k1+1k2>
R4 ?(t-’r TU+8k1+3k3>
Ks = ?(r+ru+ 1Ky — 3Ky + 2K,
o:= §||5k — ko + e — oo,
ife <ethen L
U= U-+-% <k1'+ 4ky +'k5>
t:=t+r71
end if

1
T 1= min T~%(g)5 .,tsmp—t}.
end while
end procedure
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Adaptivni
volba
casového
kroku

Mersonova-Rungova-Kuttova metoda

Tato metoda je implementovana v souborech Merson. py.
e parametr ¢ se nastavuje pomoci proménné self.adaptivity
e tento parametr se nastavuje na hodnotu 10-3 — 1012

Example 5
Provedte simulaci harmonického oscilatoru s pomoci Mersonovy metody.
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Soupefici druhy

Tomas

Oberhuber Jde o Ulohu typu:

U1 = au1—bu1u2,
U = —Clo+ duquo,

kde a, b, ¢ a d jsou konstanty.

¢ jde o typ uloh zvané Volterrovy-Lotkovy ulohy

¢ simuluje soupereni dvou zivocisnych druh( - predator a obét
° u:(0,T) = R? 1. DOFs =2

¢ Uloha je implementovana v souboru volterralotka.py

Soupefici
druhy
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o Soupefici druhy
Domaci ukol
Proved'te numerickou analyzu, tj. pokuste se najit zajimavou kombinaci
parametrl a, b, ¢ a d a napiste opét report doplnény obrazky.
® feSena rovnice
e interval, na kterém ji reSime
e pocatecni podminka
e parametry Ulohy
Soupefio ¢ zvolena numericka metoda

e parametry numerické metody
e obrazky s vysledky
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o Lorenzovy rovnice

Oberhuber

Resdime Ulohu:

up = o(u2— ),
Up = ply — U — UyUs,
Uz = —pus+ Ujup,

kde o, p, 8 > 0 jsou konstanty.
¢ jde o jednoduchy model pouzivany v meteorologii
Lorenzovy ¢ Uloha dala vzniknout teorii determinstického chaosu
o e feSenim muze byt tzv. Lorenz(v atraktor
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Lorenzovy rovnice

Tomas
Oberhuber

Domaci ukol

Provedte numerickou studii Lorenzovych rovnic a pokuste se najit Lorenziv
atraktor.

Napiste report podobné jako v predchozich Ukolech.

Lorenzovy
rovnice
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Epidemiologie - SIR model

Tomas
Oberhuber

Tento modelo popisuje Sifeni infek&nich nemoci.
e Susceptible - skupina lidi, ktefi mohou byt nakazeni
¢ Infectious - skupina infikovanych lidi, ktefi mohou §ifit ndkazu

® Recovered - skupina imunich lidi diky ockovani nebo prekonani infekce,
ktefi nemohou byt infikovani a nemohou §ifit nakazu

Epidemiologie
- SIR model

40/45



ot Epidemiologie - SIR model
Oberhuber

Implementace
fesict ODR
Riccatiho
rovnice
Experimentalni
fad
konvergence |(1»f)n - natality - no vaccination

fn - natality - vaccination

Harmonicky
oscilator

Adaptivni
volba
casového
kroku

Susceptible Infectious Recovered

Soupefici
druhy

m - mortality m - mortality

Lorenzovy
rovnice

Epidemiologie
- SIR model

Uloha n-t&les
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Epidemiologie - SIR model
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as(t) bl(t)S(t)
dal(ty  bI(t)S(t)
9 = N cl(t) — mi(t)
aR() = cl(t) + nfN — mR(t),
dt
kde
e N je velikost populace,
® nje mira porodnosti,
® mje mira umrtnosti, m = n,
® b je riziko nakazeni neimunich jedincq,
Sxnboec * cje mira uzdraveni se nakaZenych jedinct,
e f je mira prockovani populace

MNS”) udava pocet jedincl nakazenych za jednotku casu.
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Epidemiologie - SIR model

Tomas
Oberhuber

Domaci ukol:
¢ implementujte tento model
e provedte vypocetni studii, tj. rizna nastevni parametr(i

* (na internetu najdéte parametry pro realné epidemie a porovnejte s
vypoctem)

Epidemiologie
- SIR model
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Uloha n-téles

Tomas .
Oberhuber Resime ulohu:
d2p, Gm,m, Sy
i), i=1,...n
Z CRCIRN
=
tj.
dZ,Bf n ij o o
— — = 7[:17 n
dt ;Ip/—piﬂ 7 =5)
j#i
tj.
dv; nGmy L
— = T i a’:17 n,
dt =5 A (B =)
J#i
A dp; o
Uloha n-t&les # — Viy’:17"'n'
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Uloha n-téles
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e kazda Castice je popsana vektorem pozice p; a rychlosti v;
e tj. 2d DOFU, kde d je dimenze prostoru
¢ celkem dostavame 2dn DOFU
[}
.
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e pocate¢ni podminka vlastné nastavuje pozici a rychlost kazdé ¢astice na
zacCatku
¢ Uloha je implementovana v souboruh NBody . py.
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